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Pre f a c e. 



JJ^AVING in the Jirfl Volume treated of 
arUbmetic^ which is one of. the main 
pillars of the mathematics ; / come now to 
geometry J which is the other 'pillar^ on which 
thefe fciences arefupported. On thefe twofounda^ 
tions^ all the . other . branches are built; and 
from them they derive their whole Jlrength and^ 
evidence. And thefe two fciences are effehtially 
different; the former confers numbers without 
any regard to extenfion ; the latter con/iders ex^ 
tenfion^ without any r£gard to numbers. And 
both of them treat their particular JkljeSis ifi 
the mojl abJiraSi manner. 

Geometry is of fo excellent a nature^ and of 
fuch extenfve ufe^ that it lays the foundation of 
all the rules to work by^ in, the common affairs 
jflifcy without which we could do nothing. Fot 
in/lance^ the dijiances of places^ or remote objeSlSy 
and their fttuation in rejpedl of one another^ can^ 
nht be had without meafuring^ and the rules of 
geometry. The drawing of maps or charts can 
only be done by geometry. The meafuring and 
dividing of lands ^ to give every man his due 
Jhare^ cannot be performed without meafuring 
certain figures and finding their contents. Houfes 
nnd towns cannot be built without knowing the 
figures and dimenfions thereof. Without this 
art, noplace can be fortified^ to refiji the attacks 
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'V The PREFACE. 

tfan enerns). Trade/men mujl be acquainted with 
the meafures of length and capacity. Joiners^ 
mbfons^ &c. mu(t under fand homo to form their- 
Aiattrials ifito proper figures ^ nhere there will 
be frequent occafonfor parallel and perpendku^ 
larAims. jind the figures they have perpetk- 
aUy to dttil withy ^^re triangles ^ fquaresy paraU 
hlograms'y tircks^ &€. and fuch jhllds as fyra* 
fnidsy cones*, cubes ^ priffns^ fpheres:^ &c. the 
nature of which ci^n only be known from geofni- 
try* Thedimenjions and areas of plane figures y 
the contents (ffolrd bodies^ cannot be had without 
it. So that' geometry gives life andfpirit to all 
urts. 

. Oeometry examines . the nature of all figures^ f 
)coinpares them togethtr^ and finds out their pro-^ ^ 
perties^ li is a key to all the other branched* The 
elements of plane geometrs^ are Hkewife thefoun-^ ^ , 
dation of the hi ghef. geometry ^ relating to ailfirts 
if curve lines y their nature and proper ties \ and 
' £r a necejary introdu^ion to the knowledge of 
them. 

Geometry is afcience inexhaujlible^ and which 

knows m bounds. In it there is always room 

left for the difcovery of new theorems. It is alfo 

ji mofi excellent logic ^ teaches men how to redfon 

truly ^ and accufioms the mifid to a habit ofclofe 

'andflridf reafoning. ■ ' ^ 

T^he fcience vf geometry is certainly vefy old%- 

for hook as far back as we wiU^ wejhall always 

find men who have been projejfors and encouragers 

of geometry^ and the value the imcientsfet upon 

ity niay be known from this famous motto of Plato 
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fet 0Vey the door of his academy ^ i^U dyEwf^ir^l®- 
siffiw. Some of the ^ principal among them who 
fludkd it were^ thalcs, Pythagoras, Plato, 
Ariftotle, Euclid, Archimedes, Appollonids, 
Ptoloniy, and man^ more:. But we are fiot to 
fuppofe that in thefe ancient fifties^ thisfcience was 
an^ thing near the perfeBion it is noiv in: but 
infucceeding agesi mtn of gr£ai genius, by theif ' 
Jludy and induftry^ hy degrees added new improve-- 
tnentsi till at laji it arrived ok the pitch we now 
'fee it. Solhat we need not wonder that Euclid, or 
even Archimedes, have taken round-about methods 
in denmflrating mahy of their propojitions , which . 
aire now done vaflly ^jhorter and clearer. For it 
cannot he denied, that Euclid'^ elements abound 
with' a great many trifling propojitions, which are 
of no other ufe bat to demonjirate, in his way, the 
propojkions that foll&do after. But they are 
difpofed in no proper order or method. Fhr he 
Jreijnently treats of different fubjeBs, promifcu- 
oujiy together, in the fame place ; without any re* 
gard to the nature of things, or their connexion 
with one another. ' Atd as often, has the fame 
fubjeSl to conjider in different places ; which can 
breed nothing but confujion. But there are like- 
wife a great many profo fit ions in theprefentfy/ient 
of geometry which thefe, ancient mathematicians 
knew nothing of\ and which are equdlly ufeful 
with thofe ^Euclid. 

One method of demon fir at ion, which Euclid 
and the ancients frequently make ufe of, is redpdio 
ad abfurdum, which is generally fhorter than the 
diredl method, and equally certain. * For it is an 

axiom 
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axiom in hgic^ that that fujppofition ittuft needi 
be true, which deftroys the contrary fupppfi* 
tion. But though it be equally true^ yet it gives 
not that fatisfaSlion to the mind^ which a pofitive 
, proof gives. 

It if a common praBice among geometer s^ after 
r a pr^pojition is proved^ for them to prove the re^ 
verfe of it. But this in many cafes is needlefs 
and impertinent.' For where the ejfential property 
ofafuojeB is founds there ^ mo ft certainly^ you wilt 
^nd thatJubjeSlj without farther inquiry. For 
example^ when it is -proved to be the property of 
. parallel lines ^ when cut by a third linCy to make 
the alternate ^ angles equals or the fum of the in^ 
ternal angles equal to two right angles : it is 
, fuperjluous to prove ^ that %vhen the alternate 
angles are equal, or the fum of the internal 
angles equal to two right ones, that thefe lines 
are par allele becaufe it was proved before to be 
the abfolute right and property of parallel lines, 
hikewife when it is proved to be the dijlinguijhing 
property of a right-angled triangle ^ that thefquare 
. of the hypothenufe is equal to the fum of thejquares 
of the two fides. It need not be proved^ that when 
thefe fquares 'are equal, the angle is right. In 
fuch cafes, there needs, at moft, nothing but an 
illujir dtion, and then this method (redu(ftio ad 
abfufdum) is very properly applied. 

T'here are alfo many proportions in geometry , 

which are convertible I that is, where the property 

or predicate may become the JubjeSli and thefub- 

jeB, the predicate, being of equal extent. ' And 

here a dfal of labour might befaved in demonjirat^ 

ing 
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(ng the proportion bof^ wavs. For injlance^ when 
the two fides of a triangle are equals i^ ^^v be 
provedj that the two oppofite angles are equal. Or 
*iphen the two cgigle^ cfd triangle are equals it 
■may be prbved^ that the oppofite fides are equal. 
But it need not be proved both back andforward. 
jJndheri can want nothing but the application of 
the former rule (redudio ad abfurduoi), to %U 
lujirate the reverfe. But mathematicians h(id ra^ 
thr prove too much than too little ; they had rather 
have fomething ex abundant! , than be defeSiive. , • 

'J'houghformyownpartjhave(ftenjan)edmyfelf 
jhatfuperfiuous labour^ " . . 

^0 give feme of count of the method wherein I 
Jbave handled this fuhjeSl^ ; it is in port this. 

^he firji book treats of right lines, ^hefecondof 
^ triangles. 1 he third of polygons. The fourth of . 
the circle, ^h? fifth of plftnes. Jhe fixfh oJfoUds. 
^hefevtnth of thefphere. The eighth is geome-^ 
trical problems., T.his, is the method I havechofet^^ 
to digeft thefe things in^ as being agreeable to the 
. nature ofthefuhjeSi^ and the mutual de^endance, 
if the ftveral parts upon one another., \helafi 
' hook contains a colleSiion of the mofi ufeful geotner- 
trical probktns. I have fpent but little time in 
demonfirating the'm^ as mofi of them do not nerd 
ity being perfuadfd that they who ' underfiand the ' 
elements) will eafily perceive their evidence, with- 
out any more words. 7hey that would fie more , ' 
problems of this kind^ may (onfult the writers of ' 
traSiical geometry, ^ ^ 
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DEFINITIONS. 

l.Q,EOMEk'RT is a fcience which teaches F I Gi 

and demonftrates the properties, afFeftiohs, 
and meafures of air forts of magnitude. 

2; Magnitude is continued quantity, or any- 
thing that is extended ; as a line, fur face, or 
folid. • * 

3^ A point is that which has no parts. 

4. A line is a length without breadth or 
thicknefs. 

Cor. ^he extremes of a line are points. 

5. A right hnei^ that which lies evenly,* or in 
the fame direftion, between two points A, B. i* 
A curve line ct^ntinuaHy changes its direftion. 

. Cor. Hence iher^ can only be one /pedes of right 
lines y but there is infinite variety in the ^f pedes of 
curves. 

6. Parallel lines are th(5fe which, ^re al<\'ays at 
the fame diftarice froni one another, as AB, CD. i. 

' y.. An angle is the inclination of two lines, to 
one another, meeting in a point, called the 
'angular point* When it is formed by two right 
lines, It \% ^ plain angle y as A; if byxurve lines, , 
it is a curvi lineal angU. 3, 
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DEFINITIONS. 

'^lO. 8. A right angle is that which is made by 
* one right line AB falling upon another CD, and 

4. making the angles on each fide equal, ABC = 
ABD ; fo that AB does not incline more to one 
fide than another : AB is called a perpendicular. 
All other angles are called oblique angles. 

9* Aln obtufe angle is greater than a right angle,. 

5. asR. 

10. An acute angle is lefs than a right angle, 
as S. 

11. Contiguous angles i are thofe made by one 
line falling upon anotl>er, and joining to one 
another, as R, S. 

12. Oppojtte angles^ are thofe made on contrary 
, ^. fides of two lines interfering one another, as A, B, 

•13. A Jurface Is that magnitude which hath 
only lengtl) and breadth. 

Cor. The extremes or limits, of a furf ace are fines. 

14. A plane is that furface which lies perfeftly 
even between its extremes 3 or in which, right 
lines any way,drawn, do coincide. 

15. h plain figure y is a plain furface, bounded 
\ on all fides by one or more lines. ' 

16.- A right 'lined figure^ is a plain fiigurc, 
bounded with right lines only. 

Cor. Every right- lined figure has as many angles 
as fides. , 

17. Afolid is a magnitude extended every way, 
or which has length, breadth, and depth. 

Cor. The terms or extremes tf a folidy are 
furfaces. - 

18. Thtfquare of a right line is the fpace in- 
. eluded by four right , lines equal to it, fet' per- 
pendicular to one another. 

19. The reSlangle of'tzvo lines is the fpace in- 
cluded by four lines equal to them, fet perpendi- 
cular to one another, the oppofite ones being eq\iai. 

20. Qom^ 



DEFINITIONS. 

lo* Cofnmenfurable^ magnitudes, are fuch as tnay 
be meafured bygone and the fame meafure. 

21. Iftcctnmenfurahle magnitudes^ are fuch as have 
no comrtion meafure. 

>22. Rational magnitudes, are thofe that are ex- 
preffed by a rationed number, or by one that in- 
cludes not a furd. 

2. J. Irrational Magnitudes, are fuch as are 
denoted by afiird, as v^2, \/3, \^5, fefr. 

AXIOMS or MAXIMS. 

1. Things equal to the .fame thing, are equal 
tb one another., 

2. The whole is equal to all its parts, takea 
together. 

3. If equal things be added to equal things, the 
wholes will be equal. 

4. If -equal things be taken away from equal 
things, the remainders will be equal. 

5. If equal things be equally multiplied, the 
produds will be equal 

6. If equal things be equally divided, the 
quotients will he equal. 

7. All right angles are equal to one another. 

8. Thofe magnitudes are equal, which being 
applied, exaftly agree or coincide with one 
anothe;r. 

POSTULATES. 

1. Between any two points a right lifie may be 
drawn. 

2. That a right line or plane may be produced 
as far as we pleafe. 

3. That a circle may be defcribed from any 
center at any diftance. See Book IV. Def. i. 

4. That any magnitude being given, an equal 
magnitude may be made. 

B ;i 5. That 



CHARACTERS. 

5. That any magnitude may be fo often multi- 
'plied, as tp exceed any magnitude of the fame kind. 

6. ,That any magnitude may be divided into a» 
many equal parts as we pleafe. 

Explanation of'CharaSiers* 

+ added to, being the fign of addition. 

— - fubtrafted from, the fign of fubtradion*^ 

X multiplied by. 

~ divided hy. 

= equal to. 

:: the mark of proportion. 

•jf geometrical grogreflion. 

tn difference. 

D fqitare. 

CD redangle. 

a/"" fquare root. 
.3 ' 

V cube root. 

A* A fquared ; alfo AB* is AB fquared. 

A^ A cubed; and AB^ is AB cubed. 

z. an angle. 

II parallel. 

4- perpendicular. 

Sometimes one letter denotes a line; but if a line 
is expreffed by two letters, as AB, then the letters 
A, B denote the extreme points of that line. 

When one letter denrotes an.angle^ it is fuppofed 
to (land at the angular point ; but if three letters 
cxprefs the angle, the middle one is at the angular 
point; the other. two in the fides. 

When three letters ftand for a reflangle, as 
ABC, it fignifies AB x BC ; where AB, BG are the 
fides* 'Or when four letters ftand for a redangle, 
as AB X CD ; AB and CD are the fides. 

The citations are thus to be underftood ;, the 
firft number denotes the Prop, the fecond the 
Book; When proportion is referred to, it fignifiies 
geometrical proportion. BOOK , 
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BOOK I. 

Of Angles, and Right Lines, and 

their Redangles. 

-— ^— — ^ — • ■ ■ i^ 

PROP. I. ' 

If to any point C /;; a right line AB, fever at other FIG. 
right lines DC> EC are drawn on the fame fide i all ^^ • 
the angles farmed at the point Q^ taken together ^ are 
'iqual to two right angles^ ACD + DCE + ECB 
= two right angles, 

FOR fuppofe PC to be perpendicular to AB, 
then fince ACP and PGB = two right angles, 
(Def..8); and thefe angles ACD, DCE, ECB ~ 
occupy the farqe angular fpace ; therefore they are 
all equal to two right angles (Ax, 2). ' ' 

Cor. T. A/l the angles made about one point in a 
plane^ ieihg taken together , are equal to four right 
angles. ^ ., 

\ Cor. 2. If all the angles at C, on me fide of the 
line AB, happm to be equal to two right angles, 
then ACB is a firaight line. , - - 

PROP. II. 

> If two right lines J AB, CD cut one another ^ the Z. 
^ Cppofite Angles E and G will be equal 

For AEC + E = two right angles (Prop. I), 
V - and AEC + G = two right angles (ibid.) ; there- 
, fbre AEC + E = AEC + G (Axa), and E = G . 
(Ax/4). After the fame manner AGC = BGD. 

* 

B 3 Cor* 
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^^®' ' Cor. If k^ha right line, and CEB happen td 
8- be equal io AGD, or E equal to G ; then CD « a 
right line. 

PROP. III. 
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9. A right tine AB, %uhich is perpendicular to one of 
two parallels FH, is perpendicular to the other DC. 

For luppofe the end HC of the figure CBAH, 
be raifed up., atid turned over the line AB, fo that 
HC may fall towards FD, the line AB remaining 
fixed. Thenfmce the^BAH = BAF (Ax. 7), 
thereifore the line AH will fall upon AF, and let y 

the line BC fall on the line Bi. Draw the line J 

^DF perpendicular to HF. Now fince FH, DC 
are parallels, therefore the diftances BA, DF, and 
d¥ (or CH) are all equal (Def. 6) ; therefore the 
points D, rf' muft coincide; and therefore the 
line Bi/ coincides \^ith ED. Therefore ^ABP = 
ABD =; a right angle (Def. 8). 

Cor.' I. Herxe tzvo liyies FH, DC> perpendicular 
to the fame line AB, ore parjilleL 

Cor. 2, H:nce the fegmehls of two parallels^ in- 
tercepted ietzueen two perpendiculars 'ABy HC, are 
equals AH -- BC. 

For fuice ihe angles ar A, H, B, C are right, 
therefore the two Imes AB, HC, interfedihg AH, 
and being both perpendicular thereto, are parallel 
(Cor. 1); and therefore AH^BC (Def. 6). 

PRUP. IV. 

jo# ^f ^ ^^K^^ ^^^^ CG, interfcB two parallels AD, 
FH, the alternate anglesy ABE, and BEH, will 
be equals 

' Lei; AE, BH be perpendicular to AD, and FH. 
Then, fince AE = BH (Def. 6), ind AB-EH 
(Prop, III. Cor. 2), and the angles at A and H 

right i 
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Book I. of GEOMETRY. , , 7 

light; therefore if the figure EHB be laid upon FIG.* 
BAE, the -^H upon A, and HE upon AS, and lo, 
confequently HB will fall upon AE; and the , whole . ^ 
figure EHB coincides wiih the figure BAE, and' 
the angle HEB with EBA, and confeqendy, thtfe 
angles are eqiiaU Likewife the angles DBE and; 
FEB will be equal, being the remainders to two 
right angles (Ax. ,4). ^ , 

Cor. T. The external an^le CBD, ;V equal to the 
internal angle on the fame fide bEH. 
, For CBD^ABE-r:BEH (Prop. 2). 

Cor. 2. The two internal angles on the fame fide are • 

equal to two right angles ; DBE + BEH-.- tuuo right 
angles. , 

Foi^ EBA = BEH (Prop. IV), arid DBE4-\ 
EBA = two right angles, = DBE + BEH, 

• Cor. 3. If the angles CBD and BEH are equals 
6r K^^ and BEH equal; or DBE + BEH be 
equal totwo right angles i the lines AD, PH are[ ; 

paralleL 

For if any angle is greater than is here men- 
tioned, it deftroys the parallelirm of the lines ' 
AD, FH. 

PROP. V. 

Two lines drawn between two parallels AB, CD, ii;- 
' making equal angles with either- of them^ will be equals 
AC = BD. 

Draw CF, DH perpendicular to FB, then fi'nce 
/.ACp = BDI ; alfo FCD and HDI right andes 
(Prop.' Ill), the remainders FCA and HDB are 
equal ; and the angles' at F and H being right, 
and FC = HD (Def. 6) ; therefore if HD be laid 
on FG, the line DB will fall on GA, and HB on 
/FA, and B on A ; therefore DB = CA. 

B 4 Cor. 
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FIG. Cor. 1. If the lines AC and BD are equal, then 
tbe angles ACD and BDl are equal. 

For ff one angle was greater, it would make 
tjie Jines AC, BD unequal. 

Cor. 2. The parts intercepted are equal, ■ AB = 

For FA = HB, and adding AH, AH + HB, 
or AB ^ FA + AH, or FH = CD (Cor. z. 
Prop. III). 

Cor. 3. If two equal and parallel lines AB, CD, 
be joined by two others AC, BD ; they Jljall alio be 
equal and parallel. 



PROP. VI. 

.12, Right lines AB, CD, parallel to the fame right 
line EF, are parallel to one another. . 

-Let GI cut the three lines, then fince AB, EF 

are parallel, AGI = EHI (Cor. i. Prop. IV); 

and becaufe EF and CD ard parallel, 4EHI = 

, DIG (Prop. IV). Therefore AGI = DIG (Ax. i ;, 

whence AB, CD, are parallel (Cor. 3. Prop. IV). 

PROP. VII. 

13. V ^"^^ ^i^^^ AB, BD, -which cut one another,^ be 

parallel to two other lines EC, CH, which 'alfo 
cut one another^ they Jfiall contain equal angles 

ABD = ECH. ^ ^ 

For produce EC to'interfeft BD in F; then by 
reafon of the parallels AB, EF, -^ABD = EFD 
(Cor. I.. Prop. IV); and fihce BD and CH 
are parallel, EFD - ECH (ibid.) i therefore 
ABD = ECH. 

• PROP, 
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Tt5o righ't Unes AF, A? being given ^ and one of 
them AB be divided into Jeveral parts, ihe reUangU 
tender the two ivhole lines y lui/I f^e equal to ail the 
reSlangles contained under the whole iine^ and the- 
Jeveral fegments of the other ; ABGF = ADHF 
+ DEIH + EBGI. 

For let AF be perpendicular to AB, and DH, 
Eli BG equal to AF, and alfo perpeiidicular to 
AB. Then AD x AF^reftangle ADHF, and 
HD X DE, or .FA x DE = reftangle DEIH, and 
IE X EB, or AF X EB = reftangle EBGI (Def . 19); 
but the fum of thefe redtangles fill the fame fpkcc 
as ABGF, and therefore they are equal (Ax. Z). 

Cor. I. If both lines be divided into parts, the 
fum of the reSianglesof all the forts^ is equal to the 
reBangle of the wholes. 

Cor. 2* If thttwo given lines he equal, the fum 
of the re£langles u^der the .whole and . the parts, is 
equal to the Jquare of the whole^ * 

PROP. IX. 

If a line AC be divided into two parts at B ; /i^ 

re5langle under the whole, dnd one of ^the fegments^ 

AC X BC, is equal to the re£lan^le of the Jegments 

and th^ Jquare of the fatd fegment, ^ AB x BC 

+ BC*. 

Suppofe AF, BE, CD all equal to BC, and. 
perpendicular to AC ; then the reftangle ACDF 
=:ACxCD = ACxBCj(Def 19); difo AB xBC 
= AB X BE = reftangle ABEF, and BC x CD 
or BC ' = BCDF, (Def. 18), But AB EF + BCDE 
fill the redtanglc ACDF, and therefore they arc 
equal (Ax, 8). 

PROP. 
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If a right line hQ be divided into two parts^AB^ 
BC ; ibe fquare of the whole Ihie is equal to the fquares 
of both the parts, and twice the reSf angle of the parts , 
AC*=ABm-BC*+2ABxBC. ^ 

Let AG^ BH, CI be equal to At, and pcrpen^ 
dicular theretb, and AD, BE,' CF equal to AB ; 
thenFI = BC, tf^c. then ABED is the fquare of 
' AB (Def. ig), and EFIH is the fquare of BC ; 
and the figures BF and EG, are the reftangles of 
BC and BE, and DG and DE ; or of AB and BC 
twice taken (Def. 19). But all thefe fill the- fquare 
. AI, and therefore are equal to it (Ax. 8). 

PROP. XI. 

16. The fquare of tl-e difference of two lines AC, BC, is 
. equal to the fum of their fquares, wanting twice their 
re^angle, AB ■ = AC * + BC » - 2 AC x BC. 

For the Fquare AI contaiqs the (iquare AE, 
the redangle CH. and redangle DH i that is, 
AC* = AB' + CH + DH; and adding FH^ 
AC* + FH = AB* + CH + 1)1 ; tha t is. A C* 

+ BC* = AB*+2ACB, and AB* or AC-BC' 
= AC*+BC*-2ACB. 

. PROB. XII. 

J g; ^be reSlangle of the fu m and difference of two lines 
AC, AB, is equal to the difference of their fquares^ 

AC + ABxBC = AC*-AB*. , 

l^'or the difference of the fquares AI and AE 
is the reft angles CH + HD = BH + HG x BC = 
' AC + ABxBC. 



PROP. 
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PROP. XIII. 

Theftptare of the fum, together with the fquare of 
the .difference of two HneSy is equal to twice the fum 
of their fquares. 

IJfct the lines be A, E. Then 
the fquare of A + E = A* + E' + 2 AE (Prop. X), 
the f quare o f A-E= A* + E» -. a AE (Prop.XI). 

thenA + E^+A-E'^iA^+zE* (Ax. 3). 

PROP. XIV. 

Xhe difference of the fquareSy madt of the fum and 
difference of two right lines, is equal to four tinus 
their reSan^le, 

For if A, E be the lines, then 



It 



A + E =A\+ E* +, 2AE. 

A-E' = A* + E» -2AE. 
difference = 4A£. 

Cot. ^The fquare of the fum is equal to the fquare of 
the difference y together with four times their re^an^k^. 
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BOOK II. 
Of Triangles, 



DEFINITIONS. 

I. A Triangle is a plain figure bounded' by 
-^^ Aree right lines, called the fides oi the 
triangle. 

2. An equilateral triangle is that which has three 
equal fides. 

3. An equiangular triangle is that which has 
three equal angles. - 

4. An ifo/Qeles triangle is that having two fides 
equal. 

* 5. A right-angled- triangle is that which has a 
I right angle. The fide oppofite to the right 
angle is called the hypothenufe. 

6. An .oblique . triangle is that having oblique 
angles. 

7. An obtufe- angled triangle has one obtufe 
angle. - ^ 

8. An acute - angled triangle has three^ acute 
angles. ^ - 

9. A fcalenous triangle has three unequal fides. ' 

10. Similar triangles are thofe whofe angles are 
refpeftively equal, each to each* And homologojis 
fides 2St thofe lying between equal angles. 

11. Baje of a triangle, is the fide on which a 
perpendicular is drawn from, the oppofite angle 
called the vertex ; the two fides, proceeding from 
the vertex, Ve called tRe legs^ 

PROP. 
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PROP. I. FIG. 

In any triangle ABC, if one fide BC he drawn out^ ly, , 
ibe external angle ACD will be equal to the two in^ 
ternal oppofite angles A, B. - - 

• Draw CE parallel to AB, then the ^A = ACE 
(4, i); alfo the ^B = ECD' (Cor. i. ibid.); 
therefore A + B = ACE.+ ECD :i ACD (A;t. 3). 

PROP. IL 

In any triangle ABC, the ftim of the three angles ly. 
is equal to two right angles^ A + B + C = tii/o right 
' angles. ' . / 

For A + B = ACD (Prop, i), and-A + B + C 
= ACD + ACB (Ax. 3) = two right angles (i. I). 

Cor.- 1 . If two angles in one triangle y be equal to 
two angles^ in another, the third will alfo be equal 
to the third* ' 

Cor. 2. If one angle of a triangle be a right, ang/e^ 
the f urn of the other two will be equal to a^ight.Oftg/e. 

Cor. 3 , There can only be one perpendicular drawn ^ 
to any line^ from a given point. 

PROP. HI. 

' The angles at the bafeof anjfofceks triangle^ are ig; 
equaU '^C = B. . ' ' 

: For let AD bifeft the angles BAC ; then if the 
triangle D AC be laid upon the triangle DAB ; 
then by reafon of the equal angles at A, and AC 

= AB^ AC will coincide with AB, and C with B, 
and CD with'BD; and therefore ^ACD^ABI^. • 

Cor. t. If the angles B, C at the bafe be equals 
the fides AB, AC are equal. 

• Cor. %. An equilateral triangle is alfo equiangular ; 
and the contrary. , 

Cor. 
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F 1 G# Cor. 3, ^e line which is perpendicular to the bafe 
of an ifofceles triangle ^ btfeSls it and the vertical 
angle. 

Con 4. Only two equal lines can be drawn frdtft 
a given point to a right line! 
' For if AB = Ap = AC; then -^B as well as 
iiD = ^C, which is abfurd (Prop. I). 

PROP. IV, 

In any triaUgle, the greatejl fide is oppofite to the 
gfeat^ angky and the leafi^ to the leafi. - - 

19. Let AC be the greateft fide, and (uppofe AD 
= AB, then the ^ADB = ABD (Prop. Ill), but 
ADB=DBC+DCB (Prop, i); therefore ADB 
is greater than C ; whence ABD is greater than C, 
therefore much more is ABC greater than C, 
After the fame manner it is proved, that ABC is 
greater than A. 

And if AB be the leaft fide, C is lefs than 
ABC ; and may be proved in like manner to Be 
lefs than A. 

PROP. V- 

9X>. In any triangle ABC, the fum of any two fides 
BA, AC, is greater than the third BC. 

Produce the fide BA, and let AD = AC, and 
draw DC; then fmce ^ACD = D (Prop. Ill); 
therefore BCD is greater than D ; and therefore 
the oppofite fide BD is greater than BC, that is, 
B A + AC is greater than BC. 

Cor. I. A right line is the fi^ortefi difiance between 
any two points* 
21* Cor. 2. The fum of tivo lines BD, DC, drawn from 
two angles to any point within the triangle^ is left 
than the two fides of the triangle ; BD + DC is lejs: 
than BA + AC, but contain a greater angle. 

For 
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For drawing BDE, then, in the triangle BAE, FIG. 
BE is lefs than BA+'AE (Prop. V), add EC, 
' - thfen BE + EC is lefs than BA + AC And in 
the triangle DEC, DC is lefs than DE + EC ; 
add BD, and BD + DC is lefs than BE + EC, 
and much lefs than B A + AC. 

Alfo /^BDC is greater than DEC, which is 
greater than A (Prop. I >. 

PROP. VI. 

If two triangles ABC, abcj have two fid^s and 22. 
the included angle equal in each ; tbefe triangles^ and 
their correfpondent parts, jhall be equaL 

For fince the ^A = tf, and AB = j^, alfo AC 
=rtfc, therefore if A be laid upon j, fo that AB 
fall upon aky then AC will fall upon acj the point 
B will 'coincide with b, and C with c ; therefore 
the whole triangles coincide. Whence the bafe\ 
Ch = cby ^B = b, and C = r. And the whole 
triangles are equal. 

Cor. 1/ two triangles ABC, abc^ have twa 
fides refpeilively equal, that which has the greater 
bafe, has the greater oppojite angle ; and the contrary. , 
, For if the fides CA, BA intercept a greater 
bafe BC, the angle at A will be fo much the 
wider or greater ; and as the angle ihcreafes, the- 
more of the bafe it intercepts, as is evident. 

PROP. VII. 

If two triangles ABC and abc, have two angles 22.' 
and a fide equalf each to each ; the remaining parts 
' fhall be equal, and the whole triangles equal. . 

For fince two angles are equal, the third will be 
equal (Cor. i. Prop. II); therefore if the equal 
fides BC and be be laid one upon another, then, 
by reafon of the equal angles B and b, C and c, 

the 
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"G^. the fides BA and ba wiircoincide, as'alfo CA and 
rj, and A will fall on c} whence all the pans will 
be equal (Ax. 8). 

PROP. VI IL 

If two triangles have all their fides refpeBively 
equal; all the angles will be equals and the wholes 
equaL 

%%• For if the bafe of one be laid upon the bafe of 
the other, the other two fides will coincide, pro- 
vided the correfpondent ones lie the fame way. 
For if you faythey don't coincide, let one trian- 
gle be ABC, th(& other ABD : then firice AB, AC 
are equal to AB, AD (byp.)> and the angle BAD 
greater than BAC, therefore BD is greater than 
BC (Cor. Prop. VI) ; contrary to the hypothefis. 

Cor. I . From two points in a right , line^ as A. 
^ ^and B, two lines equal to AC, BC cannot be drawn 
to any other point D. 

^ Cor. 2. T*riangles mutually equilateral^ are mutually 
equiangular* 

PROP. IX. 

84. If in two triangles ABC, abc^ two fides AC, CB, 
of the one be equal to ac, cb of the other ; and an 
■ ' oppofite angle h^ equal to the correfpondent oppofite 
angle a i and the other oppofite angles B, b, either 
both acute or both obtufe; the remaining parts of the 
triangles will be equal. 

For if cab belaid upon CAB, fo that ^tf fall 
upon CA ; then fince the ^^ = A, ab will fall upon 
ABD. And as c falls upon C, cb will fall upon 
either CB or CD (Cor. 4. Prop. Ill) ; which here 
will be CB, as the angle at b is obtufe. Therefore 
the triangles coincide, and all the parts arc equal. 

PROP 
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PROP. X. 



y 



FIG. 



> Triangles BC A, BCF, Jianding'upon the fame ha/e^ ^ 25. 
and between the fame parallels y are equal. 

' Let CD be parallel to BA, and BE to CF, 
Then the triangle CB A = ADC (Prop. VI) ; for 
BA = CD (5. 1 ); and CB = AD (Cor. 2. ibid.), 
an4 z. B ==: D (4i I ). Therefore die triang le BC A 
= half of BCD A. For the fame reafon BCF = ' ■ 
BEF==half ofCBEF, 

Again, the triangles BAE, CDF are equal, 
having two fides and the contained angle equal; 
add.the figiire BCDE, and then BCDA=fiCFE, 
and their halves BCA = BCF. 

Cor* I . Triangles of equal bafes and heights are , 
equal. ' ' ' 

For if their bafes be laid upon one another, the 
angular points of both (by reafon of their eqaal 
height) will fall in the (ame parallel; and arc there* 
fore equal (Prop. X). 

Cor. 2. Every triangleis equal to half the reElangle 
of its ba'fe and height. 

For fuppofc CBA to be a right angle, then it 
was proved that the triangle CBA is half of the 
redtangle CBAD; and CBF (equal to it), is there- 
fore equal to half tliat redtangle.. 



PROP; XL 

Triangles h^Q..^ ABD, of the fame Wight ^ are in ^ 
proportion to one another as their bafes BC, and BD. 

Divide BC into any number of equal part^ BF, 
FG, GH, HC; and BD into fome number of the 
fame equal parts, BI, IK, KD. The triangles 
ABF, AFG, i^c. and ABI, AlK, i^c. are all equal 
(Cor. i; Prop. X) ; and the triangle ABC contains 

C . ABF 
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FIG. ABF as oft as BC contains BF; alfo ABD contain^ 

^6. ABI or ABF as oft as BD contains Bl or BF; 

whence ABF : BF : : ABG : BC : : ABD : BD 

(Def. 4. Proportion and Cor. 2. Prop. XIV. ibid.). 

Cor. I . Hence triangles are to one another as their 
' bafes and altitudes. - ' 

It follows from this Propofition, and Cor. 2. 
Prop. X, therefore, 

Cor. 2. Triangles of equal bafis^ are as their 
heights. ' 

PROP. XII. 

27. If a> line DE be drawn parallel to 'one fide BC, of 

a triangle; the figments of the other Jides will be pro- 
portional; AD : DB : : AE ; EC. - ' 

. - For draw BE, DC; then the triangle DEB = 
triangle DEC (Prop. X) ; and triangle ADE : BDE 
: AD : BD(Prop. XI); and triangle ADE: CDE 
: AE : CE (ibid.); therefore AD : DB : : AE 
EC (Prop. I. Proportion). 

Cdr. I. If the fegments be proportional, AD : DB 
t : AE : EC; then the line DE is parallel to the 

Jide BC. 

For if thefe lines were not parallel, the triangles 
DEB and DEC would not be equal (Cor. 2. Prop. 
X) ; ?tnd the fegments would not be proportional. 

Cor. 2. If federal lines be d/awn parallel to one fide 
of h triangle, all the fegments will be proportional. 

Cpr. i. A line^ drawn parallel to any fide of a 
triangle; cuts off a triangle fimilar to the whoki 

For ^t) = B, and ^ E = C (Cor. i. Prop. IV- 
I); therefore they are fimilar (Def. 10). 

Cor. 4. "The whole fidi:s ai*e as the fegments^ 
AB : DB : : AC : EC. 

For 
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For it is At) : DB : : AE : EC (Propl.XII), FIG. 
whence AD + DB (AB) : DB : : AE + EC (AC) 27- 
: EC (Prop. XIII. Proportion). 

PROP. XIII. ■ 

■ 
ft • 

In Jimilar triangles y the homola^uf Jides arefro' 28. 
poriional; AB : AC : : DE : DF. 

In the longer fide AC make A/= DF, the longer 
fide, And in the (hortei: fide AB, make the (horter 
fide DE = A^; and draw efj then -|:he z. A being 
fupppfed = to D, and the comprehending fides 
^qual, jL Kef = E, and Afe - F (PiJop. VI). 
Therefi^re Kef — B, and Kfe = C; confequently 
ef\% parallel to BC(Cor. i. Prop. 4* I)i there- 
tore AB : fB : : AC ifC (Cor. 4. Prop. XII; ; and 
AB :. AB— ^B ( AO : : AC : AC— yC (A/), Prop. 
XIII. Proportion). That i^, AB : DE : : AC : DF, 
or AB : AC : : DE : DF (Prop* IV. Proportion;. 

And if a triangle was made at the ^C equal to 
DFE; it will appear the fame way, that AC : Cfi 
: : DF : . FE. Whence AB ; CB : : DE : E^ ' 

(Prop. XV^. Proportion}. , 

Cor. Aline AE drawnfrom the oppofite angle Ky cuts 29. 
tzvo paralkd lines propwtiondllyi BE : EC : : DI : IF. 

For BE : DI : : AE : AI : : EC : IF. 
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PROP. XIV. 

If tW0 triangles have one angle equal to one^ and the 2 8. 
Jifies ahout the equal angles proportional y thefe tri^ 
angles arefimilar^ 

For let iiD = A, and let the triangle DEF be laid 
upon ABC; then, by reafdn of the equal angles, the 
fides DE, DF will fall upon AB, AC, the points E ' . 
F upon e and/. Then fince DE ( A^) : DF ( A/j : : 
AB : AC, or Ke : AB. : : A/ : AC, therefore Ke : 

e 2 ^ ^B 
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^ ^ *^* ^B : : A/ :yC (Prop. XIII. Proportion) ; whence e/ 
*^' is parallel to BC, (Cor. i. Prop. XII); aijd ^e 
or E = B, as alfo/or F = C (Cor. i. Prop. IV. I). 
Whence the triangles DEF, ABC are fimilar 
(Def. lo). 

, PROP. XV. 

30. Jf ''*"' triangles have all their fides refpeElively pro- 

portional, thefe triangles are fimilar; AB : DE : : 
BC : EF : : AC : DF. 

Let the ^ FEG = B, and EFG ^- C, then 
G^A (Cor. 1. Prop. II); whence GE : EF 
, . : ; AB : BC (Prop. XIII) : : DE : EF (hyp.); 
therefore GF -DE, (Ax. 7. Proportiqn). Like- 
wife GF : EF : : AC : BC : : DF : EF; there- 
fore GF= DF (Ax. 7. Proportion).. Whence 
the triangles DEF, GEF have all their fides re- 
fpeftively equal; and are therefore equiangular} 
therefore G ^ D = A, DEF = GEF = B, and 
GFE = DFE = C. 

PROP. XVI. 

21. If two triangles have one angle In each ^ equal; 

and the^ fides about the fecond angles proportional^ and^ 
the third angles both of one kind^ acute or obtufe ; 
thefe triangles are fimilar. 

Let ^ A = D, and AB : BC : : DE : EF. 
Make ^ ABG = DEF,- then ^ G = F(Cor. i .Prop. 
IL); whence AB : BG : : DE : EF(Prop. XIIL) 
: : AB : BC, therefore BG ^ BC, and BCG is an 
ifofceles triangle, and AGB is oktufe, of the fame 
kind with DFE;" and ACB is acute, the fame- as 
DIE ; whence the angles F and G, or I and C, muft 
be of the fame kind, to have the triangles fimiiar. 

Scholium. 
This does not always hold good, if the angles B 
and E ate required to be of the fame kind, inftead 

of 
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, tof G and F. For if ABC be acute, ABG will alfo F I G. 
be. acute; but ABG'is not fimllar 19 DEI, nor ABC 3' « . 
to DEF; though ABC be fimilartoDEI, and ABG 
toDEF. ' 

PROP. XVIL 

'Equal triangles, that have one ang^le equals have 
the fides about the equal angles reciprocaVy proportionaL 

' Let the oppofite angles at B be the equal angles, 32. 
and ABC, DBE, the two equal triangles; then 
AB : BE ! f DB ; BC (hyp,). 

Draw CE, then AB : BE : : triangle ABC or 
DBE : triangle CBE vProp. XI) : : DB : BC. 

Cor. I . ^hofe triangles are equal j, that have the 
Jides about the equal angles, reciproi ally proportional. 

For triangle ABC : CBE : : AB : BE (Prop. XI) 
: : DB : BC (hyp) 2 : triangle DBE : CBE; there- 
fore" triangle ABC = DBE (Ax- 7. Proportion). 

Cor. z. Equal triangles have their bafes and heights 
reciprocally proportional, 

" For each triangle is equal to a righf-angled 
triangle of the faine bafe ancj height (Prop. X); • 
and then the^fides about the right angles, are reci* 
procally proportional (Prop. XVII), 

PROP. XVIIU ' ' 

Like triangles ABC and DEF are in the duplicate ' 
' ratio ^ or as the fquares of, their homologous fides, ^^* 

'bc,:ef, - 

- Let there be taken BG, fo that BC : EF : : 
EF : BG, and draw AG. Then frnce AB : DE 
; : BC : EF(Prop. XUI>: : EF : BG (Conarua:); 
therefore the triangle ABG = DEF. But ABC 
: ABG or DEF : : BC : BG (Prop. XI:) : : BC» 
;'EF» (Prop. XXIII. Proportion). 

C3 PROP. 
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FIG. PROP. XIX. 

34. triangles that have one angle equal to one, are to om 
another in the complicate ratio of tlie fides about the 
equal angles; ABC : EBD : : AB x EC : EB x BD. 

Draw CE, then CD, A E being ftraight lines, the 
angles at B are equal (Prop. XI. I). Then triangle 
iVBC : CBE : : AS : BE (Prop. XI), and CBE : 
EBD : : CB : BD (ibid.)}. therefore ABC i EBD 
: : ABxCB : BExBD (Cor. i. Prop, XVIH. 
Proportion). 

PROP. XX. 

. In a fight-angled triangle B AC, // a perpendicular 
^^" be let fall from the rigl)t angle upon the hypothenufiy 
it will divide it into two triangles Jimilar to one 
another. and to the whole i ABD, ADC. 

For in the triangles ABD, ABC, the angle B 
is common to both, and angles D and BAG are 
right ones ; therefore the remaining angles BAD 
and BCA are equal ; therefore the triangles ABD 
and ABC are fimilar. 

Again, in the triangles ACD and ACB, ^C, is 
common, -^D=CAB, and therefore ^DAC=B, 
thereifore ACD and ABC are fimilar ; and confc- 
queatly ABD find ADC. 

Cor. I. 7'hefe^angle of the hypothenufe and either 
Jegment is equalio the fquare of the adjoining fide. 

ForBD : BA : : BA : BC (Prop. XIII), and CD 
: CA : : CA : CB (ibid.) ; whence BD x BC = 
BA% and CDxCB=CA*'(Prop. XIl. Proportion), 

Cor. 2. The reBangk of the hypothenufe and per- 
pendiculary fs equal to the reBangle of the legs. 

For BC : AB : : AC : AD fProp. XIID, and 
AB X AC:«=BC X AD (Prop. XIL Proportion), 

Cor. 
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' Cor. 3. The perpendicular is a mean proportional F I ^* 
between the fegments of the hypofhe^wfe. .35. 

For BD : DA : DC, and BD xDC=DAS 

Cor. 4. ^he fegments of the hypotbenufe are as 
the fquares . of the adjoining fides. 

For by this Prop. BD : DA : : B'A : AC 
(Prop. XIII), and BD* : DA* : : BA* : AC* , 
(Cor. 3.. Prop. ^Wll^ Proportion). And by 
Cor. 3. (and Prop. .XXIIi. Proportion) BD : 
DC : : BD* : DA* ; : BA* : AC*- 

Cor. 5. As the perpendicular y to the hypotbenufe, 
fo the * re^angle of the. fegments, to the rcSangle of 
the legs. 

For AD : AB : : CD : CA, by the fim. trian- 
gles BAD, DAC. 

And BA : BC : : BD ; BA by the fim. triangles 
BAG, BAD- 

Therefore AD :'BC : : BDC : BAC' (Cor- i. 
Prop. XVIII. Proportion), 

Cor. 6. The diflance of the right angle^ from the 
middle of the hypotbenufe^ * is equal to half the hypo^ 
th^nufe. 

JFor let B^ — oC, and dr^w o«, or parallel to AC, 
AB ; and draw A(?. Then B» = ;/A, and Cr =;; 
rA (Prop. XII) J and the angles at n and r are 
right (Cor. i. Prop. IV. I). Then the triangles 
'Bon, Aon, as alfo the triangles Cor, A^r, have 
two fide«, and the included angle, equal ; therefore 
Bo^Ao^Co (Prop. VI> 

PROP. XXI. 

In a right-angled triangle B AC, thefquare of the -g 
ifypotheni^ BC, is equal to thefum of the fquares of '^ 
the two fides, BA, AC. 

C 4 For 
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F I G. For let.BG be the fquare defcrlbcd on BC, ant! 

36. draw ADF perpendicular to BC, or parallel to 
CG or BE. Then BA » = redangle of BD and 
B( ^or BE (Cor. i . Prop. XX),,= rectangle BE. Alfa 
the fquare of AC = reftangle of CD and CB = 
redangle CF (ibid.): but reftangle BF + CF = 
fquare BG (Ax. 8) ; therefore BG or the fqnare 
' ofBC=BA»+AC». 

' Cor. I. The Jquare of^ either fide is eqr'al to the 
difference between the Jquares of thi hypolbenufe and 
the other ftde; BA*=BC*-AC% and CA* 

.=i:BC^-.BAS 

Cor. 2. The reElangle of the fum and difference of 
■the bypothenufe and one of the fidesy is equal to, the 
Jquare of the other fide. 

For BA^^ BC^-AC (Cor. i) =BCTAC 

jxBC-'AC (Prop. XII. I). 

Cor. 3. If thp fquare of one ftde of a triangle be 
equal to the fum of the fquares of the other two fides ; 
then the a gle comprehended by them is a right angle. 
For if it was greater or lefs than a right angle, 
the oppofite fide would be greater or lefs than the 
hypothenufe of a right-angled triangle (Cor. Prop. 
VI); and its fquare greater or lefs than the fquares 
. of the other fides. 

Cor. 4. A perpendicular CA is the nearefi difiance 
of a point C, frdni a right line BA. 

Cor. 5. In any triangle ACB, if a perpendicular, 
be let jail from the oppofite angle A, on the bcfe 
CB. ihe difference of the jejuares of the fides, is 
equal to the differ orce of the fquares of the fegments^ 
AB^-"AC*=r-Bn*-CD*. 

For AB'-BD^ AU^>-^ AC^-CD* (Cor.' i. 
Prep. XXi;. And 21B*- AC* =BD^ -CD*' 
(A::. 3, 4}. 

PHOP. 
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PRORXXII. ^ FIG. 

In an obtufe angled triangle ABC, if a perpeitdi^ 37. 
rular be let fall upon the bafe, or one fide adjoining to 
the obtufe angle B, then thefquare of the fide oppofitc 
to that obtufe angle is equal to the fum of the fquares 
of the two lefferfi^eSy together with twice the reSangle - - 
ef the bafe and the difiance of the perpendicular from 
Ih^ obtufe angle : ' AC * =p: AB* + CB* + 2CBD. 

For AC*=ADmCD* (Prop. XXt) =AD» - 
+ CB*+BD^+2CBD (10. 1) =:AB*+CB* + 
2CBD (Prop. XXI). 

Cor. The difiance of the perpendicular front the 

u r 7 Tin Ae*-AB*-.CB» 
i>btufe angle, BU =^ ^g- . 

PROP. XXIII. 

If a perpendicular be let fall upon the bafe, or fide 38* 
adjoining to an acute angle B, of any triangle. Then, 29* 

Thefquare of the fide oppofite to that acute angle, to- 

gether with twice the rectangle, of the bafe^ and the 

, difiance of the perpendicular from the acute angle, is 

e^ual to the fum of the fquafes of the other tivo fides t 

AC* +2CBrr= AB^ +BCS 

For AC* = AD' + DC» (Prop: XXI) — AD» 
+ BC»4-BD*r'2BDxBC (Prop- XI. I) == AB' 
+ BC* -2CBD (Prop. XXI> And AC* +2CBD 
= AB*+BC* (Ax. 3). 

Cor. The difiance of the perpendicular from the 

,-.. AB*+BG*~AC* 
1acu te ^Bts==: -gg . 

PROP. XXir. • 

In any triangle ABC, let fall a perpendicular AD '40. 
pn the bafe BC, and make I>F = DB. Then 41, 

As the bafe, CB : 

to the fum of the fides, AC + AB ; : 

So 



J / 



a.6 



F I G. 

40. 

41, 



42, 
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So difference oftheftdes^ AC— AB : 

to difference of the JegmenU of the bafe, ? ^p 
or the alternate bafe \ 

For CA* - AB* = CD* -DB* (Cor. 5. Prop. 
XXI); th a t is, 

CA + ABx C A -. AB = CF X CB (Prop. XII. I). 
whence CB : CA + AB : : CA- AB : CF (Cor. i. 
Prop, XII. Proportion). 

Cor. ^he difference of the fquares of the fides ^ is 
equal to twice the feBangle of the bafe^ and the 
dijlance of the perpendictdar from the middle of the 
bafe CA* -- AB* = 2CB x oD. 

For if Co=oB', then CA»-AB*=CFx 
CB = 4CFx2CB; butgCF = D^; for (Fig. 
40) CF = 2B(?-FB, and iCF=Bo-BD=Da, 
And (Fig. 41) CF==2Bo + FB, and iGF = Bo 

+ BD;=;D^* 

PROP. xxy. 

If an angle hof a triangle be biftSled by a right 
line AD, which cuts the bafe^ the fegments of the 
hafe will be proportional to the adjoining fides of the 
triangle ; BD : DC ; : AB : AC. 

And if the external angle EAC be bifeSied by the 
line AD, cutting the bafe in d^ then the diftances (of 
the interfeSion) from the angles, are as the adjoining 
fides ; Brf : C^ : :-BA : CA. 

Produce BA, and make AE = AG, and draw 
the line CE; becaufe AE= AC, the iiACE= E 
(Prop. II!.) =4BAC (Prop I.) =BAD (hyp); 
therefore DA, CE are parallels (Cor. 3 Prop. IV) ; 
andthereforeBA : AEor AC: ;Bn: DC (Prop. XII.) 

Again, makeC(?=CA; then the 4AKI = 
tf AC ='EArf == FAB ; therefore eC, AB are pa-* 

rallel ; whence 4B : dO ; ; AB : C^ or C A. 

Cor. 
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Cor. I . If the fides be a^ tht fegments of the bafe ; F I ®- ■ 
the line AD, bifeBs the angle A. ■ 42" 

For fince BA : AC or AE : : BD : DC ; DA ' 
and CE are parallels (cor. i. Prop. XII); and BAD 
= ^ E, and DAC = ACE = E (Prop. III). 
Whence BAD = DAC, and ^ is bifeded by AD. 

Cor. 2. If a line bifeBing the vertical angle of a 
, triangle, cuts the bafe ; // ivill be s , : 

^ As the fum of the fides y BA + AC : 
To their difference, B A — AC : : 
So the bafe, BC : 

To the difference of the fegments, BD-t-DC, 

^ For BA : AC : : pD : DC (Prop. XXV), and 
BA + AC : BA— AC : : BD + DC (BC) : BD— 
DC or 2DO fPjrop. XIII. Proportion); where O 
> is the middle of the bafe BC, 

Cor. 3. Hc-rue DB : DC : : </B : dC. 

Cor, 4. If AB, AC, AD, be continually proporr 207. 
tional, and AE equal to AC; then CE drawnf 
■ btff£ts the angle BCD. 

For the triangles ABC, ACDare fimilar ; whence 
CB : Cp : : AB : AC or AE : : AC or AE ; AD 
: : AE — AB (BE) : AD — AE (ED). There- 
fore (Cor. I.) angle BCE,= ECD. 

PROP. XXVI. 

If an an^Ie A of a triangle ABC, be bife^ed by a ^o8. ' 
right line AD, which cuts the bafe ; the fquare of the 
hfeEling line, together with the rectangle of the feg- 
ments, is equal to the re£iangl( of the fides i AD* + 
BDC = BAG. 

Produce' AD^ and make the angle DBP= 
DAC, then the 3 triangles CDA, PDB, and P-BA 
areiimijar. ForCAD = PBD = PAB, andCDA 
= PDB (2.1), whence ^ C = P, and ADC = ABP 



it 



FIG. 

298. 
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(cor. t.Prop. II\ Therefore CD : DA : :-PD : BD 
(Prop. XIII), >yhence DA x PD = CD x BD (la 
Proporrion). Again, CA : DA : : AP or AD + 
DP : AB (Prop. XIII \ therefore CA x AB = 
AD» + DA X DP (1,2 Proportion) = AD» + CD 
; X BD (Ax 3). 

Cor. If the external angle E AC be bifeBed by the 
line hdj cutting the bafe in d ; then the Ye£langle B^C 
^'^thefquare of the bife£iing line A^, is .equal to the 
rectangle B AC.^ " . 

For prdduce dh to F, and make ■^ iBF = dAQ 
then the triangles C</A, Ft^B, and FBA arfe fimil^r. 
For CA<; = rfAE = FAB; and C^A = F^B. 
Whence AC^ = AFB, and AdC •= ABF (cor. i. 
Prop. II.) Therefore, Cd : dA : : Fd : JB(XIII); 
and </A X F^/ = Crf X B^ ( 1 2 Proportion).. Again 
CA idA: : AF or dF — dA: AB (13). There- 
fore CA X AB = //A X </F — fifA^ ( 1 2 Proportion) 
^CdxBd--dA\ ' 

PROP. XXVIL 

In an Ifofceles triangle ABC, if a line be drawn 
from the vertex to cut the bafe; the fquare of that 
line^ together with the reSlangle of the fegments of , 
the bafe\ is equal to the fquare of the fide i BE* ■+■ 
AEC= BA*. 

Let BD h& perpendicular to the bafe, then 
BA' = BD" + AD^ (Prt)p. XXI) = BD* + 

aF+'~ED* = BD» + AE» + ED* + 2AED 
(Prop.X.I.)= BE* + AE* + 2AE D(Prop.XXI) 

= BE* + AE X AE + 2ED. (Prop. IX. I) 
= BE* + AE X EC, becaufe AE + 2ED = EC. 
For 2AE + 2 ED = AC, thcirefote taking away' 
A^, AE + 2ED = EC/ / 

PROP. 
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PROP. XXVIII. FIG. 

45* 
In any triangle BAC, if a line AD be drawn from 

the vertex to ihe middle of the bafe* The fum of the . . , 

fquares of the fides y is equal to twice the fiuare of half 

the baji, together with twice thefquare of the line that 

biJeBs the bafe;- AB» + AC» = 2AD» + 2DC». 

For AC\+2CDP= AD» +DC« (Prop. XXIII), 
and*DC = DB (hyp.), 

therefore AD* =AD» +DC*— 2CDP(Ax.4); 
and AB » = AD » + DB' + 2CDP (Prop. 22), 
therefore AB» + AC»^ 2AD» + 2DC» (Ax. 3). 

Cor. AB* — AC* = (4CDP =) 2BC x DP. 

\ . PROP. xxix. 

If through any point E, -within a triangle ABC, 4$; 
three lines TQ, VR, PS, be drawn parallel to the 
three fides of the triangle ; thefroduSt orjolidmhde by 
the alternate fegments of thefe lines, will be equal. 
TE X PE X RE = QE X 5E,x VE. 

The triangles TEV, PEQ^ SER, and ABC are 
all fimilar (7. 1), whence 

TE : VE : : AC : BC (Prop. XIII). 

AB : AC. 
BC : AB. 

whence TExPExRE : VExQExSE : : AC 
X AB X BC : BC X AC X AB (Prop. XVI II. Pro- 
portion). But the two laft terms arc equal, there- - 
fore TE X PE X RE = VE X QE X SE (Prop. II. 
Proportion). 

< 

PROP. XXX. 

- If three tines y AF, BG, CD, ]be drawn through 

any point IE,, within a triangle ABC, to the oppojite 

, ^ " Jides; 



PE : QE : 
RE : SE : 






/ 
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' * **• jidei J the produSs of the alternate ferment f ofthefdet 
'♦°- are equal', that is, AG x CF x BD = CG x BF x 
AD 

I 

For drawing TQ, VR, PS parallel tq the lides, 
of the triangle, then 

AG : GC: : TE- : QE (Cor. Prop. XIII). 
CF : BF : : RE : VE. 
• • BD : AD : : PE : 9E. 

whence AG x CF x BD : GC x BF x AD : : TE x 

RE X PE : QE X VE X SE (Prop.. XVIII. Propor- 

' tion), but the two laft are equal (Prop. XXlX); 

, therefore AG x CF x BD = GC x BF x AD 

I (Prop. II. Proportion). , \ ' . 

f Rop. :Jtxxi. 

Three lines drawn from the three angles of a 
trkfigle to t}?e middle of the oppojite fdes^ all meet in 
one pointy 

47. Let BD, AE bifeft the oppofitc fides AC, BC; 

and through the point of interfedtion G, draw 
CGK, and EL, DI parallel t6 it. 

Now fince BE = EC, and AD = DC we have 
BL = LK, and AI = IK (Prop, XII). Alfo fince 
BE = 4BC, and AD = 4AC, it will be EH = 
iCG = DF (Prop. XIII). Therefore the triangles 
DGFj. HGE, having all the angles equal (4. I), ' 
are fimilar and equal (Prop. VII) ; whence FG = 
GE, and coafequently IK = KL (Cor. 2. Prop. 
XII), therefore AI = IK = KL = LB = ^AB. 
And AK = KB. And therefore if the line CK be 
drawn through the middle point K, it will pafs 
through G; otherwife the line paffing through G, 
would make AK greater or leffer than KB. This 
may alfo be demonftrated from Prop. 'XXX. 

Cor. 
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Gor. ffence the difiance of the point of interfeHioH 
G,/rom any angle, is twice the dtftancsjrom the optoi 
JtefiU, BG = 2GD, iSc. 

For fince BK = 2kl, and AK = aKL, tbere- 
fore BG = 2GD, and AG = 2GE. Alfo fince 
DI = DF + FI = 3HLor 3FI, therefore 2FI = 
DF = GK = EH = 4CG. 

PROP/XXXII. 

nree perpendicular lines ereSed on the middle of the 
threa fides of any triangle y all meet in one point. ' 

Let E, F be the middle points of AB, CB ; 
FO, EO two perpendiculars. From O draw OD 
perpendicular to AC. The right-angled triangles 
COF, BOF are fimHar andti^ual, and CQ = OB 
(Prop. VI) ; alfo the right angled triangles BOE, 
AOE, are fimilar and equ^, whence BO = OA. 
(ibid.); therefore CO = AO; therefore in the 
ifofceles triangle AOC, the perpendicular OD* 
bifeds the ba^ AC (Cor. 3. l?rop. Ill): and if it 
bifeds the bafe, it paffe^ through O. . 

Cor. The pint- of infertion O^^ofthe three per^ 
pendicularSy will be equally diftantfrom the three an- 
gles. , 

.■< 

For the triangles COF, BOF, are fimilar and 
equal (Prop. VI), and' OB = OC. Alfo the tri- 
angles COD, AOD, are fimilar and equal(ibidO, 
andCO = AO = BO. 

PROP. XXiXIII. 

If two right-angled triangles BID, BED, be de- 
fcribed upon one hypthenufe BD, lying on dijSh-ent 
fides thereof and the line EI drawn to tfje oppoftte 
angles ; I fay, the angles DBI and DEI are equal, 
which ft and^ upon thejameftde DI. 

Make 



FIG. 
.47- 
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riO. Make BC = CD; draw ECF and CI. Then 
49* CD, CIjCB, and CE are all equal, (Cor. 6. Prop. 
XX). Tho external angle JCD = CIB + CBI 
(Prop. .1) = 2CBI (Prop. Ill) ^Ifo the external 
angle ICF = E'C + lEC = 2IEC (ibid.). Alfo 
FCD = CDE + CED = 2CED (ibid.). Therefore 
by addition ICF + FCD', that is, ICD = 2AED - 
aGBI, and AED = CBI, or lED = IBD. 

PROP. XXXIV. 

Three perpendiculars drawn from the three angles 
of a iriangley upon the oppofite Jides^ all meet in one 
point. 

Let A I, CE be perpendicular to CB, AB; and 
5^* through the point of interfedion D draw BDF ; 
draw CK perpendicular to CA, alfo draw EI. 

The oppofite angles IDC and EDA are equal 
(2. 1), and the angles at E and I are right^ there- 
fore the triangles ADE and CDI are fimilar, 
whence AD : ED : : CD : DI (Prop. XIII); 
therefore the triangles ADC, and EDI are fimilar 
(Prop. XIV); and angle DEI=DAC=ICK (Prop. 
XX). But the triangles DBE, DBI are right- 
angled at E and I, whence -^DEI=DBI (Prog. 
XXXIIl); therefore DBI or FBC = ICK, and 
therefore BF is parallel to CK (Cor. 3. Prop. IV), 
or perpendicular to AC. And if BF be perpen- 
dicular to AC, it- will pafs through D. 

PROP. XXXV. 

T^hree lines VtfeBing the three angles of a triangUt 
all meeet in one point. 

For let CDF and ADE bifed the angles C, *A; 
and through D, the point of interfcftion, draw 
BDG. Then BC : CG : : BD : DG : : BA : AG 
(Prop. XXV) ; and BC : BA : : CG : AG (Prop. 

IV. 



5' 
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i V, Proportion ; whence BDG bifcfts the angle B FIG* 
(Cor.^ I. Prop. XXV), therefore the line bifeding 5^* 
the ^B, paffes through D/. - 

Cor. I. If two lines biJeB two anghs of a triangle^ 
tbe^ point of interfetlion D, is equally dijiantfrom 
. the three fides* ' ^ v 

Let D/i, De?, D/?, be perpendicular on the three 
fides. Then the triangles BD»/ BD^? have one fide 
and all the angles equal, therefore D« = Dt? 
(Prop, VII) J alk) the triangles AD^?, AD/), have 
one fide and all the angles equal; therefore D(? = 
jyp (ibid.) = D«. 

Con 2. Segment hp^-the oppofiiefide BC = half 
the fum of the fides. 

Forhalfthefumofthe fides = %kp + zCn + \^n. 

PROP. XXXVI. : 

. If the three angles of a triangle be bifeRed by the 5».' , 
lines hC, BC, DC, and any one BC continued to the > 
eppofite jide, and CP be drawn perpendicular to that 
Jide^ AD i I fay^ the angle h.Q3L = DCP, or AC? 
= DCE. 

For fince -^A + B + D = two right angles 
(Prop. II), therefore CAB + CBA + CDP = a 
right angle = DCP +.CDP (Cor. a. Prop. II); 
therefore CAB + CBA or ACE (Pfop. 1) = 
DCP. 

* 

PROP. XXXVII. 

T^he area of a right-angled triangle ABC, is equal^^^^^^ 
to the reSiangle under half the perimeter ^ and its ex- 
' cefs above the hypothenuje. 

The perimeter or circumference is the fum of 
the three fides. Now fince the triangle ABC is 

AC X Cl^ 
right-angled at C, the area = (Cor. 2. 

Prop. X); and ABV= AC* + CB* (Prop. XXI), 
or AC* 4- CB* — AB* = o. Hence four times 

D the 
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FIO' the area = 2AG x CB = AC* + CB* .+ 

^3* 2 ACB — AB^ = AC -f. CB' — AB* ( 10. I) 

= AC + CB + AB X AC + CB — AB (12. 1). 

A J ., AC + CB + AB AC+CB-AB 
And the area = x i^-. 

B . AC+CB-^A B AC + CB+AB .p 

Cor. The area of a right-angled triangle^ is equal 
to the re SI angle under the two exceJJeSy of half the 

perimeter above each fide \ — BC^ 

a ' 

„ AC + CB + AB ^D AB + AC - BC 
ror — LxD = • ^ 

2 a 

, AC + CB + AB . ^ AB + CB - AC 

and ■ AC = •- > 

a a 

J AB + AC — BC AB + BC — AC _ 

and . r- X : 



AB-fAC-CB AB-^AC- CB AB^ —AC - CB 

a ' z .4 

AB* — AC* — CB» + aACB ,^ vvt\ - 

= ; \ (Prop. XXI) — 

4 . ^ 

=='area (Cor. 2. Prop. X). 

PROP. XXXVIII. 

N 
I 

In any triangle ABC^ add the three fides together 
54- into one Jum ; and likewife from the f urn ^of every two ■ 
^ fides y JubtraB the thirds and you will have three re- 
's mainders. ' Then take the -produSi of the faid> fum, 
and one of the remainders ; and likewife the product 
of the other two remainders. " , 

Then I fay, four times the area of the triangle j is 
a mean proportional^ between thefe two produEh», 

Take AE, and AF, equal to AC, and draw CF, 
CE; alfo draw CD perpendicular to AB. Then 

' AB 



' / 



9 



»^ 
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ABxCD -twice the area (Cor. 2. Prop. X). FIG. 
And the angle FCE is a right angle; For AFC= 54» 
ACF(Prop.lII.);andAEC = ACE (ibid.); there^ 
fore AFC +^EC = AQF +'ACE = FCE (Ax. 3) 
= a right angle (Cor. 2. Prop. H). And AD = > 

-Tg (Cor. Prop. XXIil). 

Now D£ = AK - AD = AC - AD 
AC,x 2AB — AB* — A-C* + CB» 



2AB 



CB -f AB ^ AO X CB 4- AC - AB 

2AB 



Alfo FD-FE-DE = 2AC-DE = 



(II. I). 

2 AC X 2A'b 



AB 



— DF = ^AC X2AB-ACx2AB+AB' + AC»-CB* 



lAB 



= AB* + AC* -f 2AC X AB - CB* _ 

2AB \ 



AB + AC + BC X AB -h AC - BC 

2AB 



(12. I>;butDC 

■ is a mean-between DE and DF (Cor. 3. Prop*. XX), 
therefore DC X'2AB is a mean between DE x 2AB 
and DFx2AB (Prop. V. Proportion); that is, 
four times the area of the triangle ABC, is a 

mean proportional, between CB + AB' — "AC 

xCB + AC — AB, and AB + AC + BC x 



AB + AC - BC. 

Cor. I. Ft 0771 half the fum of the three fides of 
any triangle ABC, fubflraSl eacf) fide feparately. Then 
take the produB of that half fum and one remainder i 
and alfo the produ^ of the other two remainders. 

Then I fajy the area of the triangle is a mean pro- 
portional between thefe two produ^s. 

^ CB -h AB - AC CB + AC - AB ^ 

i^or ^ ^ X ^ : area. 

2 2 ' / 

AB + AC 4- BC AB + AC — BC 

; . — X 



ABC 



--2 



D2 



(Cor. 
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FIG, (Cor. I. Prop. V* Proportion) arc in continual pro- 
. tc. portion (Prop. XXXVIII). 

^ ^ CB + AB — AC CB.+ AB + AC -^ 

15ut ' = •' -— AC 

J CB -f AC— AB CB + AB -f AC .« 

and = — ^ AR 

J AB + AC — BC CB + AB + AC -.^ 

, , and ' — ^ — — ■ — i5d. 

I ^ a a 

therefore, y^. 
56. Cor 2. L(?/ S = AC + BG, D = AC— BC, 

' then the area ABC /x a mean proportional between 

^xSS — AB% /2«i^xAB*— DD. 

T/ I Tc — ^-r^I S -I- AB S — AB_' 

For — X t>S — AB^ = ~ x 

AC -f-V + AB ^ AC ^'bC - A b' '^^^ , 

* HTET FST AB + D AB— D _ 

— X AB* — DD = X = 

4 . I 7. a 

i^B + AC — BC AB + BC — AC v- i . - t 

-r- : X , which IS thc . 

a a ^ 

fame, as Cor. i . fuppofing two terms in the extremes ^ 
to change places, by Cor. 3. Prop. XII. Proportion. 

PROP. XXXIX. 

\ - 

^he fquare of th^ fide of an equilateral triangle 
is to the area; as 4 to V'^. 

Let CD be perpendicular to. AB, then AD — 

57- DB = iAB. ThenCD* =CA* — AD",Cor. I. 

Prop. XXI) - AB* — 4AB» =iAB*. AndCD= 

J^-^L = ^Vi. But the area of thc triangle is 

X AB 

AB X iCD = AB X — V'3,and4 x area=AB» x *^3 

4 . , 

(Cor. 2. Prop. X); whence AB* : area : : 4*: Vj. 

Cor. The fquare of the perpendicular is equal to 

i the fquare of the fide; CD* = -fCA'^ 

For CD* = CA* — AD* (Cor. XXI) = CA>» -» 

ICA* = iCA*. 
^ BOOK 
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FIG. (Cor. I. Pro^. V. Proportion) arc in continual pro- 
<5. portion (Prop. XXXVII 1). 

CB + AB ■— AC CB.+ AB + AC .^ 



57 



But 

2 2 

J CB -f AC — AB CB + AB -f AC 

and ^ — '— = — ^ — 

" 2 - 2 

J AB + AC ~ BC CB + AB + AC 

and ' — ^ — = ■ — : — 



BC. 

therefore, iSc.^ 
56. Cor 2. L(?/ S = AC + BG, D = AC— BC, 

' then the area AEC /x a mean proportional i?etween 

^ xSS — AB*, and \ x AB* — DD. 
For — X SS 

4 



AB.=:S ^ AB^S-AB 



^C_+ BC + AB ^ AC -h BC - AB ^^^ 



— X AB* — DD = 

4 - / 2 

aB + AC — BC AB H- BC — AC 



- AB -h D AB — D _ 



n ^« 



— X 



which is ' the 
a ^ 2 ' 

fame, as Con i.fuppofingtwo terms in the extremes ^ 
to change places, by Cor. 3. Prop. XII. Proportion. 

PROP. XXXIX. 

The fquare of the Jide of an equilateral triangle 
is to the area I as 4 to V^* 

Let CD be perpendicular to AB, then AD = 
DB = \KR. Then CD* = CA* — AD* ,Cor. i. 
Prop. XXI) - AB* — iAB* =iAB». And CD = 

V'5^21 = ^V«. But the area of the triangle is 

V AB 

AB X iCD = AB X — V'3,and4 x area=AB» x >/% 

4 . , 

(Cor. 2. Prop. X); whence AB* : area : : 4*: V3. 

Cor. The fquare of the perpendicular is equal to 

^ the fquare of the fide i CD* = iCA*i 

For CD* = CA* — AD* (Cor. XXI) = CA>» -» 

iCA* = iCA*. 
■•■■-' BOOK 
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BOOK III. 



\ 



Of, Quadrangles and Polygons^ 



DEFINITIONS. 



I. \ ^adr angle or quadrilateral^ is a plane figure FIG.' 



bounded by four right lines 

2. A parallelogram is a quadrangle whofe oppofite 
fides are parallel, as AGBH. The line AB drawn 
to the oppofite corners is called the diameter or 
diagonal And if two lines, be drawn parallel to the 
two fides, throughanypoint of the diagonal; they 
divide it into feveral oihers, and then Cy Dare, 
called paraUelogrnms about the diameter : and E, F- 
the complements : and the figure EDF a gnomon. 

3. A re£langle is a parallelogram whofe fides are 
perpendicular to one another. 

4. Afquare is a rectangle of four equal fides, 

'5, A rhombus is a parallelogram, whole fides 
are equal, and angles oblique. ^ ^ 

6. A rhomboides is 2L parallelogram, whofe fides 
are unequal, and angles oblique. 

7. A trapezoid is a quadrangle, having only two 
fides parallel. 

8. A trapezium is a quadrangle, ' that has no 
two fides parallel. 

' 9. A polygon is a plane figure enclofed by niany 
right lines. If all the fides and afigles are equal, 
it is called 21. regular polygon j and denominated ac- 
cording to the number of fides, as a pentagon 5 
fides, a hexagon 6, a heptagon 7, ffff, 
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lb. The diagonal of a quadrangle or polygon, is 
a line drawn between any two* oppolite corners of 
the figure,- as AB. 

II. The height of a figure is a line drawn froni 
the top, perpendicular to the bajcy or oppofite fide> 
on which it (lands. 

I2« Like or ftmiiar figures^ are thofe whofe fe- 
vefal angles are equal to one another ; and the 
fides about the equal- angles, proportional. 

13. ^Homologous fi^es of two figures, ye thofe 
between two angles, refpeftively equal. 

• '14 The perimeter or circumference of a figure, is 
the compafs of it, of fum of all the lines that 
inclofe it. . 

15. The internal angles of a figure, are thof? on 
the infide, made by thofe lines that bound the 
figure, ADC. 

16. The external angle of a figure, is the angle 
made by one fide of a figure, and the adjoining 
fide drawn out, BAF. 

PROP. I. 

In any parallelogram the oppofite fides y and angles ^ 
are equal ; and the diagonal divides it into two equal 
triangles : x\B = CD, AC =? BD, ai^d triangle 
ABD = ADC,^yr. 

For fince AB,. and CD are parallel (Def. 2), 
z. BAD = x\DC (4. 1) : alfo, becaufe AC and BD 
are parallel, BDA = CAD (ibid.). Therefore, the 
triangles ABD and DCA, are equal in all refpefts 

(7-U)- 

PROP. 11. 

The diagonals of a parallelogramy interfeSl each 
other in the middle. 

In the triangles APC, BPD, ^ CAP = BDP, 
and ACP = DBP (4. 1), and ii BPD = APC (2. 1), 
and AC = BD (Prop, ijj therefore AP = PD, and 

C? = PB (7. II). PROP. 
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PROP. III. FIG. 

Any line BC pqffing through the middk of the , 
diagonal of a ^parallelogram P, divided the area into 
two equal parts^ ^ 

For in the triangles ABP, and DCP, AP = PD 6^, 
(Prop. II) ; and all ^he angles are equal (4. I). 
Therefore the triangle ABP = DCP (7. II): and 
BP = PG (ibid.). And fince triangle A ED = AFD 
(Prop. I) ; the remainders BPDE and CPAF are, 
equal; therefore BPDE + PCD = CPAF +APB, 
that is, EBCD = BAFC. 

Cor. Any right line BC drmvn through the middle 
point P of the diagonal of a parallelqgranty is bife£led 
in that point I BP = PC. 

PROP. IV. 

« • « 

• In any parallelogram ABDC, the cowplementsCl, 66. 
^ and IB, are equals ^ . ^ 

For triangle ADC = ABD (Prop. l/, and AHI 
= AGI, and lED = IFD (ibid.) ; thereforfe paral- 
.lelogram HE = parallel9grani GF (Ax. 4). 

PROP. V. 

7'he parallelograms HG, EF, which are about the 66# 
diameter My y of any parallelogram jZ^, are fimilar ^ 
to the whole CB, and to one another. 

The parallelograms HG, EF are equiapgular tp 
the whole CB (4. I), and to one another. The 
triangles ACD, ABD, as alfo AHI, AGI, and lED, 
IFD, are fimilar and equal (Prop. I). Therefore 
AH:HIorAG: : AG :CDor AB : : IE : EDor 
IF, therefore the parallelograias are like (Def. j 2). 

D 4 . PROP. 
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^^^* PROP. VI. 

67. Tarallelograms ABCDi and EBCF, ftanding upon, 
the fame bafe and k^tween the fame parallels^ are 
equaU 

For AD = BC = EF (Prop. I) ; add DE, 
then AE = DF, and AB = DC (Prop. l),xand 
^A = CDF (Cor. i. 4. I). Therefore triangle 
ABE ^ DCF (6. II); fubtrad DGE; then 
the figure ABGD =,EGCFs add BGC, then 
ABCD = BEFC. 

Cor. I . Parallelograms of equal bafes and heights^ 
are equal. 

For if their bafes be laid, upon one another, the 
tops of both will fall in the fame parallel^ being of 
ecjual height ; and therefore they are equal (this 
prop.). 

Cor. 2. Every parallelogram is equal to the r^S- 
angh of its bafe and height. 

Cor. 3. Figures of the fame area, may have their 
compafs vaflly different. And figures of equal corhpafs 
may contain very different, areas. , 

PROP. vir. 

A parallelogram is double to a triangle of the fame 
^. OK an equal bafe and height. 

63.. ' For the triangle ACDv=ABD (Prop. 1), that 
is, the triangle AGD, on the bafe CD, is half the 
parallelogram ACDB on the fame bafe CP, and 
between the fame parallels. And fince any triangle 
of an equal bafe and height is = A CD, and any 
parallelogram of the fame Or an equal bafe and 
height ^ ACDB. Therefore any triangle is half 
the parallelogram of the fame or equal bafes and 
heights. 

PROP. 
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PROP. VIII. FIG. 

Paralklograms of the fame height, are to one 68. 
another as their bafes ; DC : GF : : BC : GH. 

Draw the diameters BA, EH. Then the tri- 
angles BC A, GHE, of the fame height, are as 
their bafes BC; GH (i i. 11). Therefore 2BCA 
: 2GHE : : BC : GH (Prop.. V. Proportion): 
that is, parallelogram BCAD : parallelogram 
GHFE : : bafe BC : bafe GH. . 

Cor. I. Parallelograms of equal hafeSy are as theit 

heights. 

By Cor. 2. Prop. VI. as likewife 

Cor. 2. Parallelograms are to one another^ as 

their bafes and heights. 

PROP. IX. 

Rqual parallelograms having one angle equal to 6g« 
one ; have the fides about the equal angles rxciprocally 
proportional. If ABCD=EFGH, then AB : BG 
::BE:BC. 

• 

Let the oppofite angles at B b6 equal; produce 
DCandFGtoH. Then AB : BG : : BD : BH / 
(Prop. VIII) : : BF : BH.(Ax..6. Proportion) 
; : BE :3C (Prop. VIII). 

Cor. I . ^bofe parallelograms are equals which have * 
one angle equal to one, and the fides about the equal 
angleSy reciprocally proportional 

For BD : BH': : AB : BG (Prop. VIII) : : BE 
4 BC (hyp) : : BF : BH (Prop. VIII). There- 
fore parallelogram BD = parallelogram BF. 
• Cor- 2. Equal parallelograms ^ have their bafes 
and heights y reciprocally proportional. 

Cor. 3. If four lines are proportional^ the reSiangle 
^f the means ^ is equal to the rectangle of the extremes. 

PROP. 
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JIG. PROP. X. 

yo. : Equiangular parallelogrants AC, EG, are in th^ 
' complicate ratio of their homologous fides y ABC, EBG, 

Produce DC, FG to H. Then parallelogram 
i AC to BH : : AB : 6G (Prop. VHl), and paral- 
lelogram BH : BF : ; CB : BE (ibid.). Therefore 
> parallelogram AC : parallelogram BF : : AB x CB 
: BO X BE (Cor. i. Prop. XVIII. Proportion). 

Cor. I . Parallelograms are to one another y in the 
complicate ratio of their bafes and heights. 

Cor. 2. The rcElangle of two lines, is a mean 
proportional betweeri their fquares* 

For fuppofing AC, EG, to be fquares, then 
AC : BH : : (AB ; BC? : : BC : BE : :)BH : BF. 

PROP. XI. 

yr. Ifi any parallelogram AD, theJUm of the fquares of 
the diagonals^ is equal to the fum of the fquares of alt 
the fides: AD'+CB^=CA^+AB^+BD^^-pC^ 

For CE=EB, aiid AE=ED (Prop. TI). Alfo 
CD*+DB^=2DE^+2CE^ (28. II). And iCD»+ 
2DB?=4DE»+4CES that Js,.CD»+AB*+DBH- 
CA»=DA»+CB». 

PROP. XII. 

t 

72. If from any poini O, in the reSf angle AD, lines be 
drawn to all tBe angles, the fum of the, fquares of 
' the lines drawn to the oppofite corners ^ will be equal: 
AO* + OD* = BO^ + OC*. 

% 

s. 

Draw AD, BC, to interfeft in P, then AD=CB 
(6. II), and their halfs, AP=PC=PD. Then 
CO* + OB* = 2CP* +'20P* (28. li) = aAP»^ 
+ 2OP* =? AO* + 0D» (28. II). 

PROP, 
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■ PROP. XIII. , FIG. 

, In any trapezium ABDC, kt E, F be the middle 73* 
" joints of the diagonals, AD, BC. Tben the yum of 
the fquares of the fides, is- equal to the fum of the 
fquares of the diagonals ^ together with four times the 
fquare of the difiance, bet-ween the middle -points of the 
diagonals: AB» + BD* + CD* + tA* = AD' 
+ CB» + 4EF». • 

For AE^+ED* = aAF* + 2EF* (28. II). Alfo 
AB» + AC» = 2CE* + 2 AE» (ibid,) ; alfo BD» 
+ DC" = 2CE* + 2DE*. And addipg the two 
laft- equations, AB*.+ BD? = DC* + CA» = . 
4CE» +2AE* + 2ED» = CB* + 4AF* + 
4EF» = CB» -H AD» + 4EF». - 

PROP. XIV. 

In any trapezium ADBC, let E, F, he the middle 74. 
points of two oppojite fides* Then the fum of the 
fquares of the other two fides, together with the fquares 
of the diagonals J is equal to the fum of the fquares of 
the bifecledfideSy together with four times the fquare . ' 
of the difiance of thefe middle points: KC^ +' DB* + 
AB^ + CD^ = AD» + CB* + 4EF^. 

Draw AE, ED. Then AE^ + ED* = 2AF* 
+ 2EF^ (28. II), and AB^+A0=2CE^+2AE* 
(ibid.), ^nd DB^+DO=2CE^ + 2DE* (ibid.). 
Add the two laft equations, AB^ + AC* + DB» 
+ DO = 4CE* + 2 AE^ + 2ED* = CB *+ 
4AF^ + 4EF^ = CB^ + AD* + 4EF\ 

PROP. XV, - 

tn any trapezium, ADBC, if lines he drawn to the 75* 
• TifAMle of the oppofite ftdes^ the fum of the fquares of 
. the diagonals y is equal to twice the fum qf the fquarei 
of the bifeaing iihes: AB*+CD*=2EF2+2PQt. / 

For 
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FIG. For AB*+DC^+BD^+CA'=AD»+CB»+4EF» 

75. (Prop. XIV). 
'^ And AB»+DC»+BC»+UA»=AO+DB»+4:P<> 

^ (Ibid.), 
and adding thde equations, .^ 

*AB» + 2DC» + BD» + CA» + BC» + DA* 

= AI> + CB* + AC» + DB» + 4EF^ + ^VQ^, 

and'fubtrafting what is common, 2AB* + zDC* 

= 4EF» + 4PQ^ and AB» + DC* = 2EF* + 

aPCb 

PROP. XVI. 

The fian of the four internal angles of any quadriUf- 
teral figure f is equal to four right angles, 

76. Draw the diagonal AC ; then the fum of all the 
angles in the triangle ABC, or ADC, is twb right 
angles (a. II) ; therefore the fum of both is four 
right angles. 

' Cor. If two angles <f a quadrangle be right angles, 
' the fum of the other two amounts to two right angles. 
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PROP. XVII. 

TChe fum of all the internal angles of a polygon^ 
makes twice as many right angles ^ abtiting four^ as 
the polygon has fides* 

, 77t For drawing lines from all the angles, to a point 
O within the figure, it comes to be divided into 
as many triangles, as the figure has fides or angles. 
And each triangle contains two right apgles (2. II), 
*'(o thefe- amount to twice as many right angles, as 
the figure has fides ; but the angles at O are to 
be abated, and thefe amount to four right angles 
(Cor. I". Prop. I. I). 

Cor. Hence all right-lined figures y of the fame num- 
i^^ offides^ have the fum of all the internal angles equal. 

PROP. 
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PROP. xvni. 

The funf of , the external angles of any J>oljgon^ is 
equal to four right angles. 

For all the internal angles, together with the 
externalangles at the points A, 6, C,^c. make twice 
as many right angles, as the figure has fides (i*I); 
and the fum of all the angles of the triangles ABO, 
BCO, &ff. amounts to the fatne (i, U^. Take 
away all the angles, EAB, ABC, &?r. and thfere 
remains all the external angles A, B, C, i£c. equal 
to all thfe angles at O, that is, four right angles 
(Cor. I. Prop, 1. 1). 

Qox.All right-lined figures^ have the fum of their 
external angles equal. 

ScHOLItJM'. 

If any of the angles be greater than two right 
angles, as A, the external angle will run into the 
figure, and muft be fubtrafted from the fum of 
the reft. ' ' 

PROP. XIX. 

In two fimilar figures. AC, PR, if two lines BE, 

V QT, he drawn after a like manner^ as fuppofe^ to 

make the angle CBE = RQT, then thefe^ lines have 

the fame proportion^ ^s any two homologous fides of 

the figure y BC /oQR, &?<:. 

,«ince -t CBE = RQT, and R = C (hyp.) ; 
therefore BE : QT : : BC : QR (13.' II) : : ^A 
; QP (Def. 12) : : AD : PS (ibid.) : : DC: SR. 
Alfo BC : CE : : QR : RT; and BC : BE : : 
QR : QT, k^c. 

Cor. I. Hfnce all fimilar figures are miaie up of 
• fimilar triangles. . . 

Draw 
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riG. ' Dravlr BD, QS; and AC, PR; then BE : QT 
: 79- i ; BC,: QR (this p^op.) : : CD : RS (Def. 12) 
- ^ r CE! : RT (this prop.) : : DE : ST (Prop. VIIl. 
. , Proportion); thereforethetrianglesBCEandQRT 
are fimjlar; and BED and QTS'are fimilar. . 
.,-Again, the -^A = P, and AB : AD : : PQj PS 
(Def. 12); therefore BAD, QPS are fimilar ( 1 4.II). 
Alfo ^B = Q, and AB : BC : : ?Qj. QR, there- 
fore ABC and PQR are fimilar (14, li). Laftly 
f D = 6, and AD : DC : : PS : SR (Def. 12); 
- therefore ADC, PSR are fimilar (14. II). 

.... Cor, 2. Hence it may be laid down, qs a dlfiinguijh- 
ing property of fimilar figures, that they are made up 
of fimilar triangles, placed, in the fame order, y 

PROI*. XX. 

1 

2q^ Ml fimilar figures are to one another as the fquares 
"Df their homologous fides. 

Let AD, PS be fimilar polygons; draw AC, 
AD, PR, PS, which will divide the figures into 
triangles (Cor. T. Prop. XIX). 

Bccaufe AB : PQ^: : AC : PR : : AD : PS (i 3. 
II); therefore ' , 

AB' : PQ: : : triangle ABC : PQR (18. II) 
^d AB* : PQ^ : : AC* : PR* : : triangle ACD 
: PRS (ibid.). ^ . 

and AB* : PQ* : : AD : PS* : : triangle ADE 

rPSTCibid.). 

therefore AB* : PQ! : : triangle ABC + ACD + 
. ADE : triangle PQR + PRS + PST (Prop. X. 
Proportion) : : figure ABCDE : figure PQRST. 

C(fT. If three lines A, l&,Cl>e in continual propor- 
fton ; then as the firft to the third, fi> any figure de- 
fcribed on the firft, to a fimilar one upon thejec'ond. 

For A : C : : A^ : B* (Prop. XXII [. Propor- 
tion)-: : figure upon A : figure upon B (this prop.). 

PROP. 
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FIG. the area of the triangle ACF -\CY x BP Cor.ti 

83. (Pr^p. 10. II). Therefore CAF + AFDB or4he 

^ trapezoid CABD = ab + DF+'CT ^ ^^_ 



PROP. XXIV. 

-. ^he area of a trapezium ABDF, /> equal to half 

^ the reBangle under the diagonal AD, and the fum of 

' the perpendiculars falling thereon from the oppofte 

angles : AD x • 

For the triangle ABD = •- — (Cor. 2..J0. 

II); and the triangle AFD = — - — (ibid.) : 

there fore ABD + AFD or the trapezium ABDF == 
ADxBC+FE 

PROP. XXV. 

yfny regular figure ABCDE, is equal to a triangh, 
J whoje bafe is the perimeter ABCDK A ; and heig ht, the 
. ^' . perpendicular OP, drawn from the center, perpendi^ 
cular to one fide. 

Two perpendiculars, asPO, ftanding on the 
, middle of two fides, meet in the center, O (9. II). 

Or two angles A, B bifeded by two right lines, 
meet in the center, O (Cor. i. 3. 11) :' whence all 
the lines OA, OB, OC are equal ; and all perpen- 
diculars drawn from O, upon AB, BC, CD, 6fr.' 
are equal. And all the triangles AOB, BOO, tsrV. 
are equal and fimilar. The fum of all the triangles 

1 u £ u • ABxOPBOxOP -, 
make up the figure,. that is, r^— ' * <sc. 

AB + EC + CD + DE + EA ^^ n 

or X OP = figure, or 

a triangle whofe bafe is ABCDE A, and height OP ' 
=; the figure. 

a triangle 
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Cbr. The area of a regular polygon is equal to the' 
reSlangle of one fide into the perpendicular from the 
center upon thdtfi^^ and that multiplied by half the, 
number of fides. 

Scholium. 

Any polygon, regular or irregular, may be di- 
vided in as many triangles, lels 2^ as the figure 
has fides; by drawing diagonal lines. 

PROP. XXVI. 

Only three fdrts of regular figures can fill up a plane 
furface ; andthefe arejix triangles ^ four fquares^ and^ 
three hexagons^ 

It is required to place fome number of thefe 
figures, with their angles upon one point, fo that 
being joined clofe together, they may fill the whole 
Ipace around it, and leave no vacancy. 

It is plain the angles about one point are four right 
angles (Cor. i. !• I), which want to be filled up. 
Now if the angles of the feveralfiguresbe computed, 
by Prop. XVII, they will be found as follows. 

A triangle fofsL right angle = A. 

A Square i right angle = B. 

A pentagon i fright angle. 

A hexagon i j a right angie = C, 
t^c. 

Now ^ of a right angle 6 times repeated, makes 
4 right angles, and therefore fills all the fpace; 
that is, 6 angles of an equilateral triangle fills it. 

Alfo 4 angles of afquare (or 4x1), makes 4 
right angles. 

But 3 angles of a pentagon (or 3 x i-f) falls fhort ; 
and 4 angles (or 4x1-5-) exceeds. 

Alfb 3 angles of a hexagon (or 3 x i-f ) makes 4 
right angles. And thefe are all; for 

The angle of a heptagon (and other figures) is 
bigger, and therefore 3 angles will exceed 4 right 
pncs. And to have two angles, each muft be right 
angles, which is abfurd. 

E BOOJC 
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BOOK IV. 

Of the Circle, and infcf ibed and cir- 

cumfcribed Figures. 



DEFINITIONS. 

I 

8 I. A Circle is a plane;, figure defcribcd by a right 
'• XX line moving about a fixed point, ABD. 
Or.it is. a figure bounded by one line cquidiftant 
from a fixt point. 

2. The center of a circle, is the fixt point about 
' which tl^e line moves, C. 

3, The radius, is the line that defcribes the 
circle, CA. 

Cor, JU the radii of a circle ^ are equal. 

4* The circumference is the line defcribfed by the 
extreme end of the moving line, ABDA. 
88. 5. The diameter^ is a line drawji through th^e 
center, from one fide to the other, AD. . 

6. A fcTnicircle^ is half the circle, cut off by the 
diameter, as ABD. - 

7, A quadrant J or quarter, is the part between 
two radii perpendicular to one another, as CDE. 

Sp. 8. An arch is any part of the circumference, 
AB. 

, 9. hfeBory is a part bounded by two radii, and 
the arch between them, ACB. 

10. Afegment^ a part cut off by a right line, 
DEF, orDABFi 

li.A 
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1 1. A cori^ a right line drawn through the circle • I ®* 
asDF. 89- 

1 1. Angkat the center y is that whofe angularpoint 
is at the center ACB, 

13. -^«i^^tf//;&^^'/Vf««;y^r^»^^, is whenthe angu-k 9^* 
lar point is in the circumference, BAD. 

14. Angle in a fegment^ is the angle made by two 
lines drawn from fome point of the arch of that 
fegment, to the ends of the bafe; as BCDis aa ' 
angle in the fegment BCD. 

15. Angle upon a fegment^ is the angle made in 
the oppofite fegment, whofe* fides ftajid upon the 
bafe of the firft; as BAD, whtch ftands upon the 
fegment BCD. 

. 16. A tangent is a line touching a circle, which 
'produced, does not, cut it, as GAF. 

17. Circles are faid to touch one another, which 
meet, but do not cut one another. 

1 8. Similar arches y or Jimilar feBorSj are thofe 
bounded by radii that make the fanle angle. 

19. Similar fegment s are thofe which contain 
fimilar triangles, alike placed. 

20. k. figure is feid to be infcrihedin a circle y o'c 
. a circle circumfcribed about a figure ; when all the an- 
gular points of the figure aire in the circumference 
of the circle. 

21 . A circle is faid to be infcribed in a figure, or 
^figure circumfcribed about a circle ; when the circle 
touches all the fides of the figure. 

22. One /^«r^ is /«/?r/^^^ in another, when all 
the angles of the infcribed figure, are in the fides 
of the other. 

PROP. I. 

The tori of any arch AB, falls intirely within the 
circle. 

For draw CA, CB ; and CD to any point of the 
cord; tl^en -^A^B (3. II), And^CDB=: 

Ez A + 
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FIG. A + ACD (i.II) = B + ACD, therefore CDB is 
9^' greater ihan B, confequentlyCB is greater than 
CD, (4. II) i therefore D is within the circle. 

PROP. II. 

g2, ^^ radius CR, hijetls any cord at right angles ^ 
'ivhichpajfes not through the center J as AR. 

For draw AC, BC, and if AF = FB, then fincc 
' AC = CB, and CF common; therefore CFA = 

CFB (8. 11) = a right angle; and angle ACF 
=: BCF. 

Or if AFC = CFB and A = B, then ACF = 
BCF; and CF being common, A.F = FB. This 
prpp. follows from Cor. 3. Prop. III. Book II. 

, Cor. \. If a line htfeBsa cord at right angles^ it 
pa£es through the center of the circle. 

Cor. z. The radius that UfeEls thecordy alfobifeSls 
the arch. 

For fince ACR = RGB. If CBR be laid upon 
CAR, the point B will fall upon'A> and therefore 
RB = RA. 

Cor. 3. If two right lines do not both pafs through 
the center y they cannot both be bifeSied by each other. 

Fot if they could, they muft both make right 
angles with the radius. 

PROP. III. 

03. In a circle^ equal cords AB, GD, are equally difiant 
from the center^ C. 

For let CE, CF be perp. to the cords; and 
dtaw CD, CA; then in the triangles, ACF, DCE 
AC = CD, AF = DE being half the cords 
(Prop. II) ; and angles at F, E right ; and the angles 
fit C, both acute, therefore CF=CE(9. II). 

. Cor* 
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Cor. If fever al lines be drawn through a circle ^ F 1 6« 
the ^r eat eft is the diameter^ and thofe that are nearer © i, 
the center HI, are greater than tboje that are farther 

off. Da 

For draw CH, then CH is greater than. OH 
(4. II), and therefore 2CH or the diameter is 
greater than HI. And fince -^HCI is greater than 
DCG, HI is greater than DG (Cor. 6. II), 

PROP. IV. 

If from a point G, out of the center , fever al lines 04. 
GD, GE; tfj'r. he drawn^ the greateft is that GF 
which pajfes through the center ^ and thofe nearer ta 
GF are greater than thofe further off* 

Alfo GH (the remainder /^ GF) is the leaf), and 
thlje nearer to ity as GA, are lefs than Jhoje further 
#,'GB. 

Praw CE, CD, CA, CB, from the center C. , 
Then GC + CE or GF is greater than GE (5. II). 
Alfo in the triangles GCE, GCD ; GO, EC are 
eqjal to GC, DC; but -^ECG is greater than 
DCG ; therefore EG is greater than DG. 

Alfo GG + GD is greater than CD or CH, take 
away CG, and GD is greater than GH. After . 
the fime manner GA. is greater thanGH; and 
GB greater than GA. 

Cor. I . Only two lines drawn from G to the cir^ 
eumference can be equal; and lie on different fides of 
the diameter HF. 

Foi? no two Jines on the fame fide can be ecjual. 

Cor. 2. If from any point,- three equal right lines 
can be drawn to the circumference, that point is the 
center, C« 

Cor. 3. No circle can cut another in mpre than 
two points. ^ 

E 3 For 
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F I G# For then three equal lines might be drawn from 
4^4, a point out of the. center to the circumference ; 
which is abfurd. 

PROP. V. 

I ■>. 

95» 'If fiom a point G without a circle^ feveral right 
lines be drawn to cut it^ Of thofe that pafs to the 
concave partsy the greatefl is that GF whic^pajjes 
through the center^ and thofe nearer /O GF are greater 
than thofe further off. 

But of thofe that go to the convex party the leajl is 
, that GH, which continued would pafs throdgh the 
center, and thofe nearer to that, as GA, are lefs than 
thofe further off, GD. 

' ' For in the triangle GCE, GC +CE or GF is 

- greater than GE, And in the triangles GCE, 

GCB; GC, CE are equal to GC, CB, and ^GCE 

greater than GCB, therefore GE is greater than GB* 

Alfo in the triangle CGA, CA + AG is greater 

than CG or CH + HG (5. II) ; take away C A = 

CH, and AG is greater than HG« And in the 

'triangles CAG, CDG; CG, CA are equal to CG, 

CD ; and angle GC A lefs than GCD ; therefore 

GA is lefs than GD (Cor, 6. II). 

^Cor. I. There can only two equal lines be drawn 
Arom the point G to the circumference of the circle. 
For no two are equal on one fi^e of GF. , 

Cor. 2. The great eft to the convex parf^ or the 
leajl tg the- concave part^ is the tangent to the circle. 

PROP. VI. 

96. In any circle , if feveral radii be drawn making 

equal angles, the arches and feflors comprehended 
' thereby will he equal, if ACB = BCD ; then, Urch 
AB = arch BD, andf^eior ACS = BCP. 

For 
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For fincfr ^ACB = BCD, and CA = CD; FIG. 
therefore if the angle DOB be laid upon B|CA, 9^* 
DC will fall upon CA, and D upon A, aod confe- 
quently the arch DB will coincide with AB, as 
well as the feftor DBC with ABC, confeqgendy 
archDB = AB, and fed^or DBC = ABC (Ax. 8). 

Cor. I. In equal circles^ the radii making equal 
angles y comprehend equal arches and JeSiors. 

Cor. %. In the fame or equal circles^ the radii 
making equal angles, comprehend equal cords AB, BD. 

For thefe will comcide with one another. It 
alfo follows from Prop. VI. II. . 

Cor. 3. Equal cords cut off equal arches j and equal 
fegments in the fame circle. 

For if laid upon- one another, they perfcdiy 
coincide, as has been proved. 



PROP. VII. 

In the fame. ^ or equal circles ^ the arches ^ and alfo 
the fe£lorSy are proportional to the angles intercepted 
by the rftdiu 

' Take any arch AB as fmall as you will, and let 
AB =r BC, tsfr. alfo AB = QR = RS, i^c. and 
drawing CA, CB, CD, iSc. and PQ^, PR, PS, i^c. 
then all the angles ACB,BCD,QPR,RPS, i^c. are 
fequal (Con 1. Prop. Vl). Whence AF is as mul- 
tiple of AB, as the angle ACF is of ACB. There- 
fore AB : AF : : ACB : ACF (Prop. V. Propor-. 
tion). Alfo Oy is as multiple of C^ or AB, as 
QPV is of QVR or ACB, whence AB rQy : : 
ACB : QPV (ibid.); whence AF : QV : : ACF 
; QPV (Cor. z. 14. Proportion). 

The fame reafoning holds in the feftors, for fed* 
ACF is as multiple of ACB;. as ^ACF is of the 
-^ ACB. And fed. QPV is^s multiple of QPR or . 

E4. ABCi 
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^ ^ ^' ABC, as ^ QPV is of ACB. Therefore fedk. 
5> ACF : fed. QPV : : angle ACF : /.QPV:. 

Cor. Hhe angle ACF w to .4 r/g-^/ angles^ as the 
arch AF, m /o the whole circumference* 

PROP. VIIL 

98. In all circles^ fimilar arches are as the radii of the 

circles^ 

Let the circles AFG and afg be both defcribeci 
from the fame center, C. Draw the radii C A, CF ; 
then the arches AF, ^are limilar (Dcf. 18). Draw 
CB' extremely near CA. Then the figures or fee- ' 
tors Cab, CAB, approach very near to ifofceles 
triangles, which are fimilar to one another, becaufe 
the ii at C is common (3. II). Therefore Ca : ah 
2 : CA : AB (13- II); and C(2:CA : : ab : AB 
(4. Proportion). Now if you fuppofe BF divided 
into more arches, equ^l to AB ; and more radii CB 
dr^wn*, bf will then contain as many arches equal . 
toah^ Therefore af is as multiple ofai^ as AF is 
of AB ; therefore ab 2 AB : : af: AF (5. Proportion) ; 
whence Ca : CA : : af i AF ([. Proportion). 

PROP, ix: 

. 98. I'he circumference of circles are to one another as 

their diameters. 

For AF : circumference AFGA : : ^ ACF : 4 * 
. right angles (Cor. 7) : : ^aCf : 4 right angles : : 
laf: circumference afga. And AFGA : afga : ; 
^ hF laf (4. Proportion) : : CA : ca (Prop. VlII) 

I ; : 2CA : 2Ca (5. Proportion). 

(Tor. The circumferences oj circles are as their radii. 

PROP. 
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A right line AG, perpendicular to the diameter 
AD of a circle y at the extreme pint A, touches the 
circle in that pointy and li^s wholly without the circle. 

To any point O In the line GAF, draw the line 
CO from the center. Then the hypothenufe DC 
is greater than the fide AC (4. II). Therefore O 
is without the circle And fo it is for any pcnnt 
befides A'; therefore the line GF is entirely out 
of the circle. 

Cor. I* Hence a right line touches a circle only in, 

one point. 

» 
Cor, 1. If a right line touches a circle in one pointy 

it is perpendicular to the diameter in that point. 

Cor. 3. All circles, whofe centers are in the line AD, 
anduhofe circumferences pafs through the point Ay touch 
one another, and the line GAF, in the fame point A. 

Cor. 4. Hence y if two circles touch One another, 
either inwardly ^or outwardly, the line paffing through 
their centers, C, B, D, fliall alfo pafs through the 
point of contaEty A. 

Otherwife a line, touching both circles in that 
point, could not be perpendicular to both dia- 
meters. 

Cor. 5. T^wo circles can only touch in one point. 

From the centers B, D, draw BO, DO, to a point 
O in the exterior circle. - Then in the triangle 
BOD, DB+BOis greater than DO, or DA, or 
DB + BA (5. II). Whence BO is greater than BA; 
therefore the point O, is without the circle AE« 
In like manner, drawing CO, DO + CO is greater 
ithan DA + C A, and CO greater than C A, there- 
^ fore O falls without the circle AL 
^ . PROP- 



FIG. 
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F I O. - ' ?ROP.. XI. 

Ioo» The angle of centaSl between a right line and a 
circle DAI, is kjs than any right-lined angfe tuhaf* 
evfry DAL. 

Draw BE perpendicular to AL, then the fide 

BA oppofite to the right angle BE A, is greater 

than the fide BE oppofite to the acute angle BAE 

(4- II). Therefore the point E, and fo the whole 

, line AEL, falls within the circle, 

Cor. J. jf^ence the angle of a femicircle BAI U 
greater than any acute angle luhatever. 

Cor. 2. The angle ofcontaEt DAI, is infinitely lefs 
. ^ than a right angle^ 

For if it was in a finite pro|)ortion to a right an- 
gle, then an acute angle might be found equal to it. 

Cor. 3 . If any other circle be defcribed through A, 
with any radius greater than AB, it will fall entirely 
between the tangent AD and the circle AL, and make 
the angle of contaB lefs. - And circles may be defcribjd 
ad infinitum, which fiall only touch one another in A i 
their centers being all in the line AB produced. 

All this appears by Cor. 5. Prop.'X. coinp^ircd. 

with this prop. - ' , 

PROP. XII. 

IQI. /« ^ circky the angle at the center is double the 
102. angle ^ at the circumference^ flanding upon the famei 
arch I BDC = 2BAe. 

Cafe I, When one fide AF paffes through the 
center, in the ifofceles triangle ADC, ^^DAC = 
DCA (3. II), ^nd the 4FDC = PAC + DCA (u 
JI) =2FAC. : 

Cafe 2. If the center of the circle be within thQ 
angle BAG, dravf APF,- then by Cafe i, FDC =. 
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2FAC, and FDB=;2FiVB, therefore the whole FIG. 
BDC-2BAC. • »<>«•' 

Cafe 3. If the center of the circle be without ^^^ 
the angle BAG, draw ADF, then- by Cafe i, 
FDB- 2FAB, and FDC^iFAC, therefore the 
remainder BDC - 2B AC (Ax. 4). 

Cor. I . The mgk at the circumference iftandinj^ 
upon any arch, is equal to half the angle at, the 
^ ce^ntery upon the fame arch, or to th^ angle at th^ 
center upon half the arch. . 

Cor, 2. In the fame or equal circles, the angles at 
the circumference, are ^qttal, which fiand upon e^uat, 
archer or, equal cords., 

This is plain from Cor. i, %. Prop. VI. 

PROP. XIII, 

An angles in the fame fegmeni bf a circk^ are eqUalt jo». 
DAC=DBC, WDGC = DHC. 

For -^DGC ancj DHC are each equal to the 
angle at the center, on half the arch DABC. And . 
DAC, DBC are each of them equal to the anglo 
at thq center, on half the arch AGHC. 

, Or thus^ 

The ^DGC = iDOC - DHC (Prop. XII). 
Again, ^DFC = DAF + ADF Ci- H) = DBC 
+ BCF (ibid.), but ADF = BCF (Prop. XII); 
therefore DAF or pAC = DBC (Ax- 4). 

Cor. If the extremities of two equal art hes ID A^^ • 
BC, be joined by right lines, DC, AB ; they will bt 
parallel ' 

^ For ^BAC = DCA (Cor. 2. 12), therefore AB, 
CD are parallel (Cor, 3, 4. I). 

PROP, 
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F I G. PROP. XIV. 

104. n^ angle ABC in afemicirck is a right angle^ 

Fox: draw BD to the center, then BDA, BDC 

are two ifofceles triangles, therefore DAB=DBA, 

\ and DCB = DBC (3. II). And DAB + DCB = 

DBA + DBC = ABC (Ax. 3) = half of two right 

angles (2. II) = a right angle. 

Cor. I* 'The angle ABG, in a greater figment 

. ABFG, is lefs than a right angle ; and the angle 

ABF, in a lefs fegment ABF, is greater than a right 




, Th^s is evident by infpefting the figure. 

Cor. 2. If a line be drawn from the middle of the 
hypothenufe (of a right-angled triangle }y to the right 
' . angky it cuts the triangle into two ifofceles tri^ 
. angles. 

PROP. XV- 

105. If two lines cutting a circle j interfeSl one another 
in A, and there be mcuie at the center y ^ECF= 
BAl?; 

Then arch BD + GH = 2EF, // A is within 
the circle; or arch BD — GH=2EF, if A is with- 
cut. 

For draw HI parallel to GD, then DI=GH 

(Cor. 13); and angle BHI=BAD=ECF (4. 1). 

Therefore EF=4BI (Cor. i. 12); and 2EF=x 

BI = BD + GH, when A is within, but = BD 

/ — GH, when A is without the circle. 

Cor. I . If from a point without y two lines touch 
a circle^ the angle made by them is equal to the angle 
at the center y ftanding on half the difference^ ofthefc 
two parts of the circumference. 

This 
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This is'plain, by fuppofing B, H, and G, D ^^^' 
to coincide in the periphery, then half their difFe- '^5* 
rence will be = EF* 

Cor. 2. i:hs angle A = ^^BHD + HDG, -wfien 
A is within ; $r A = BHD — HDG, when A is 
without the circle (^i, II). 

PROP. XVI. 

In a circle y the angle made at the point of cotttaSl io6* 
between the tangent and any cord^ is equal to the 
angle in the alternate fegment-y ECF = !CBC, and 
ECA := EGG. 

Through the center O, draw the diameter COD, 
which is -L to CF (Cor. 7^. to).. The ^CED is 
right (Prop. XIV); therefore ^ D + DCE = a 
right angle (Cor. 2. 2. II) = DCE + ECF; ' 
therefore D = ECF, or EBC = ECF (Prop. XIII). 

Again, CEG+ECG + G = two right angles 
(2. II) = GCF + ECG + ECA (i. I), CEG 
+G = GCF + ECA, but CEG = GCF (this 
prop.), therefore. G = ECA (Ax* 4). 

Cor, A tangent to the middle point of an arch^ is 
parallel to the cord of it. 

ForifarchCB=CE, then cord CB = cordCE 
(Prop. VI. and Cor. 2); whence ^E = B = ECF 
(this prop.), whence BE, CFare parallel (Cor. 3. 

4. 1). 

PROP. XVII. 

' I/fromanypointBinaJemicircle, a perpendicular 107. 
"BD be let fall ^upon the diameter, it will be a mean 
proportional between ihe fegments of the diameter : 
JkD : DB : : DB : DC. 

For drawing AB, BC, the triangles ABC, ABD, 
DBC are fxmilar, for ^ ABC is right (Prop. XIV), 

* " and 
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FIG. and angles at D are riffht, and BAD = BAC, 
»o7- ABD = BCD, and therefore DBC =BAD, Therein- 
fore AD : D6 : : DB : DC (.13. II). 

Cor. The cord is a mean proportional between the 
adjoining fegmenty and the diameter \ AD : AB ; AC. 
^^CD :CB :CA-H-. 

* This is. evident from the fimilarity of the tri* 
angles. ' ^ 

PROP. XVIII. 

1q8» -^'^ ^ circle^ if the diameter AD be drawn^ and from 
the ends of the cords AB, AC, perpendiculars be 
drawn upon the diameter ; the fquares of the cords 
will be as the fegments of the diameter -, AE : AF 
: : AB* : AC^ 

For AE X AD = Ab* (Cor. 1 7), and AF x AD 
= AC»(ibid.); therefore AB* : AC* : : AE x AD . 
: AF X AD : : AE : AF (Cor; i. 5. Proportion. 

PROP. XIX. 

109. If two circles touch one another in P, and the line 
PDE be drawn through their, centers; and any line 
PAR /jT drawn through that pointy to cut the circles^ 
that line will be divided in proportion to the diame- 
ters; PA : PB : : PD : PE. 

For drawing AD, BE ; the triangles PAD, PBE, 
are right-angled at A, B (14), and confequently 
fimilar, therefore PD : PE : : PA : PB (13. II). 

Cor. The arches AD, BE are fimilar; as alfo the 
arches PA, PB ; and thefe arches are as the whole 
circumferences of the circles j or as the diameters ; 
AD : BE : : PA : PB : : PD : PE, i^c. 

' They are fimilar by Def. c8, and proportional 

byProp.Vni. . 

PROP. 
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PROP. XX. . 

If through any point F in the diameter of a circtcy 
any cord CFD is draum ; the re£iangle of the fegments 
of the cordy is equal to the reSlangle of the fegments 
of the diameter 'y CFD = AFB. 

Draw AC, BD; then the triangW CAP, BDF 
are fimilar, for the angle F is common, and CA]^ 
=^ BDF, and ACF = DBF (Cor 2. 12); there- 
fore AF : FC : : FD : FB {13. II), and AF^xFB , 
— CF X tD (12. Proportion). 

Cor. I. Let O be the center ; then the reSlangle 
CFD, is equal to radius fquare -^ the fquare of the 
difiancefrom the cente r-, CFD = AO^ >-OFS 

For AF X FB = AO + OF X AO - OF = 
AO*— OFv(i2.I). 

Cdr, 2* If fever al cords CD , EG, he drawn 
though the fame point F, the rectangles of their 
fegments will be all equal to one another i CFD = 
EFG. 

For they are all equal to the rc&angle AFB. 

PROP. XXI. 

. If through any point F out of the circle in the 
diameter BA producedy any litte FCD is drawn through 
the circle ; the re5langle of the whole line and the 
external part, is equal to the re£tangle of the whole 
like paffmg through the center y and the external part ; 
DFC = AFB. 

For drawing DA, CB; the triangles DFA and 
BFC are fimilar; for -^FDA = FBC, and F is 
common; therefore AF : FD ; : CF : FB ( 1 3. II), 
andAFxFB = CFj<Fp. 

Cor. 
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F 1 G. Cor. I . Let O be the center, then the reBangte 
!*?• CFD is equal to the fquare of ^ the dijlance from the 
center -^radius Jquare ; CFD = FO ^ — AO^ 

For AF X FB = FO - AO.x FO + AO =^ 
.FO*-.AO* (x2. 1). 

Cor. 2. Let HF be a tangent at H, then the re^^ 
angle CFD =Jquare of the tangent tH. 

For FO* - AO* = FO* - OH* = FH* 
(Cor. I. 21. II). , , 

Cor. 3. If fever al lines FD, FG, are drawn from 
the fame point F; the reRangles of the whole and ^ 
external fegmenty will be all equal to one another-^' 
CFD = EFG. 

For they are all equal to the reftangle AFB. 

Cor. 4. If from tljie fame point F, two tangents be 
' drawn to the circle , theywiU be equal y FH= FI. 
For the fquare of either of them is equal to th^ 
redangleAFB, 

PROP. XXII. 

I 

112*"^ Jf^ ^^^^ ^^^ ^^ rfr»w« perpendicular to the diame* 
ter AD of a circle \ and any line drawn from A to 
cut the circle and perpendicular ; then the rectangle of 
the difiances ofthefeilionsfrom A, will be equal t§ the 
re£iangle of the diameter and the dijiance of the per* 
pendicular from A ; AB x AC = A? x AD. 

For draw BD, and the triangles ABD, AFC 
are fimilar, for -jl at -A is common, and z.P and B 
are right (14); therefore AD : AB : : AC : AP 
(13. II), and AD x AP = AB x AC (12- Pro- 
portion), 

Cor. 1. 7/* PF cuts the circle in K, then AB x AC 
.= AK*. 

Cor, 
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C6r. 2. , If more lines AEF be draw, all the reS- FIG* 
angles EAF, BAq are equal. . '»2. 

For they are all equal to the redangle PAD. . 

PROP. XXIII. 

. In a circle EDF whofe center is C, and radius CE, 1 13. 
if the points "R, A, be fo placed in the diameter pro'' 
duced, that CB, CE, CA be in continual proportion, 
then two lines. BD, AD drawn from thefe point's, to 
any point in the circumference of the circle, will 
always be in the given ratio of BE to AE. 

Draw DP perpendicular 'to the diameter, EF, 
then DP^ = E PxPF (1 7). =aCE x EP-EPS 

whence AD*=AE +.EP* +P'D* (21. II) =AE» 
+ EP* + zAEP + 2CEP- EP* (10. I)_^AEm- 

aCExEP + iAExEP.. Alfo BD»=Bli-EP* 
+PD» (zi.II) =BE--iBEP + EP»+2CEP- 
EP* (i 1. 1) =BE* + 2CE X EP.-.2BE X EP. 

And fmce CA : CE : CR -^, therefore AE 
; CE : : EB : CB (13. Proportion), or AE : EB 
: : CE : CB (4. Proportion). Alfo AE» : EB* : : 
CE» : CB» : : CA j CB (23. Proportion) : : CE 
+ AE : CE - EB : : 2CE x EP + 2AE x EP 
•: 2CExEl»-2EBxEP [i,. Proportion). And 
AE* : EB* ; : AE*+ 2CE x EP + 2AE x EP : 
EB* + 2.CE X EP- 2EB X EP (10. Proportion > 
: : AD* : BD*. And AE : EB : : AD : BD 
(Cor. 3. 18. Proportion)/ 

. PROP. XXIV. 

i/" D, C be4wo points in the diameter of a circle^ 114. 
equidiftant from the center O ; and if two lines be 
drawn from thence to any point E, in the circumfe- 
rence^ the fttm of their fquares will be equal to the fum ^ 
of the fquares of the fegments of the diameter ; DE^ 
+CE»=AC*+eB^ 

F Fof 
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F I Gi For draw EO to the center O, then DE * + CE « 

114. = 2DO » + 20 E^ (28. II ) =2AO»+2 0C * . But 

' AC* + CB*= AO + OC + AO-OC* = AO» + 
OC» + 2AOC + AO^ + OC*-2AOC (ro. II) = 
2AO» + 2OC' = DE» + CE».* 

Cor. I.. Hence thefum oftbefquares of DE, CE 
is equal to twice the fquare of the radius + ivjice the 
fquare of the diftatice of one of the points from the 
fw/<»rj DE»+CE*=20A*+20C». 

« 

Cor, 2. The fum of the fquare s of any two cor- 
refpondent ones will be equah 

For they are all equal to the fame given 
quantity. . . 

PROP. XXV. 

^ r 

115. If any cord VQ^be drawn paral/d to the diameter 
AB, of a circle '» and front a given point C in that 
diameter f the lines CP, CQJ>e drmrni -to the two ends 
of the cordi Ifiy thefum of their fquares is equal to 
the fum of the fquares of the fegments of the diameter ; 
CP»+CQ^=AC»+CB^ 

For draw PS, QR-l-to th* diameter AB, then 
PS* or QR* =P C*-SC*= QC* - R G* (21. II ) ; 

tliat is, PC»-SO + OC* = QC»-SO-OC'i 
or PC*-SO*-2SOC-OC* (10. I) =QC» 
- SO* + 2SOC - OC*, becaufe OCL= OS. 
T herefore P C* : = QC* + 4 SOC, but AC* + CB» 

= A0+'0C*+A0-0C* = 2A0*x20C* (10, 

1 1 . I). But PC * = AO * + OC * + 2SOC (22. II) 

= QC* + 4SOC. Therefore 

QC* = AO* + OC* -2SOC 
PC* = AO* + OC* + 2SOC • 

therefore PC* + QC* = 2AO* + 2OC* = AC» 
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Cor. I. Thefim of. their /(juares, PC» +QC* «= FIG. , 
zAO* + 20C\ , "5- 

Cor. 2. The difference of their fquares, PC* -» 
QC* = 4SOC. 

Cor. 3. All thefe things hoU goody if the point C 
ii taken without the circle. ■ " ^ 

m 

PROP. XXVI. . • 

In a circle, if a perp. DB be Ut fall from any Ii6v 
/?(?/«/ D J upon the diameter CI, tf;/i /^^ tangent DO 
^rjzc;« ^(?«/ D ; then AB, AC, AO, will be conti- 
nually proportional. . 

Draw the radius DA, then the triangles ABD,- 
ADO, are fimilar, for the angles at B and D arc , 

right (Cor. 2. 10), and angle A common j whei;ice . 
AB : AD : : AD : AO; that is, AB : AC : AO-fr. 

PROP. XXVII. ■ 

If a triangli ADC be infcribed .in axircU^ and if ijj^ 
BC be drawn' parallel to the tangent AT, then AB, 
AC, AD, are continually proportional. 

For the triangle ABC, is fimilar to ACD ; for 
/.D=TAC (16) =ACB (4. II), and A is 
common; therefore AB :AC : : AC : AD (13. II). 

Cor. AD : DC r : AC : CB. 

PROP. XXVIII. 

If a triangle BDF be' infcribed in a circle^ and ^ Il8. 
perpendicular \y? Ut fall from D on the oppoftte fide 
BF, and tfte diameter DA drawn j then as the per-- 
pendiculary is to one fide including the angle D, fo the 
other fidcy to the, diameter of the circle \ DP : DB ^ 

::DFrDA. 

Fz 'For 
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F I G, For drawing AF, the triangles BDP, and ADP ■ 

1 1 8. are (imilar; for ,^ A = B (13), and angles at, P 
' and F are right (14) s therefore DP : DB : : DF 

yDA (13. 11). 

Con The reSiangks of thejtdes of an infcribed^ 
trtangky is equal to the reStangk of the diameter, 
and the perp. on the third fide* 

PROP. XXIX. 

119. If a triangle BAG he: infcribed in a circle^ and 
' the; angle h bife£led by the right line AED; then 

as one ftde^ to the feg'ment of the bifeiiing liney within 
, the triangle^ fo the whole bifeSfing liney to the other 
fide; AB: AE : : AD : AC. . 

Draw BD, then the triangles ABD, ACE are 
fimilar; for ^D = C (Cor. 2. 12), and BAD = 
EAC (hyp,); therefore AB : AD : : AE : AC 
(13* II) ; and AB : AE : : AD : AC (4. Propor- 
tion). 

Cor. If an angle of a triangle (infcribed in a circle) 
, be bife£ledy the reSangk of the fides y is equal to the' 
reSiangle of the whole bifeSling line within the circle, 
and the fegment within the triangle : BAG = DAE. 

PROP. XXX. 

1 20. If a circle be infcribed in a triangle ABC, and 
lines he drawn from the center D, to the points of, 
contaB E, F, G ; then any fegment BF or "RE^ joining 
to the angle B, is equal to half the fum of the three 
fides — the oppofiteftde AC. 

For the triangles PDF, BDE arc fimilarandeqtial 
(9. II); for ^F=>^E a right one (10), and 
DE = DF, and BD common; whence BF =BE. 
In like manner CF = CG, and AE= AG. Then 
fince the fum of the fides is BC + CA + AB = 

2BF 



'\ 



*i 
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aBF + 2CG + 2AG, therefore half the fum = FIG. 
BF +.CG + AG = BF + AC, therefore BF = lao. 
Jfum — AC. 

Cor. ^he area of the triangle BAC, is equal to the 
reBangie of the radius DF, and half the fum of the 
three fides. 

For the triangle ABC is made up of the three 
triangles ADB, BDC, CD A, whofe common heiglxt 
is the radius DF, 

PROP. XXXL 

If a quadrilateral ABCD he infcrihed in a circle, 
the fum of two oppofite angles is equal to two right 
angles; ADC + AJBC = two right angles. 

Draw AC, BD, and produce AB to E; then the 
external angle. CBE.= BCA + BAC (i. II) = 
BDA + BDC (13) = ADC; therefore CBE + 
CBA = ADC + CBA = 2 right angles ( 1. 1> 

Cor. If one fide of a quadrangle ( infer i bed in a 
circle) be produced^ the external angle EBC is equal 
to the internal oppofite angle ADC. 

PROP. XXXII. 

\ 

t 

If a quadrangle be infcribed in a circle ; the reSlangfe 122 
oft be diagonals, is equal to the fitm of the re£langles of 
the oppofite fides -y AC x BD == AB x CD + AD 
X BC 

MaketheangleABF = CBD,thenABD = CBFj " 
and frnce the ^CDB = FAB (13), the triangles 
FAB, and CDB are fimilar, whence DC : I?B " ^ 
: : AF : AB(i3. II), andCD x AB = BDxAF 
(12, Proportion)., Alfo fince ^ BCF = BDA 
(13), the- triangles CBF and DBA are fimilar; 
whence CB : CF : : DB : DA (13. II), and CB 

" F3 X 



> 
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F I ^' X DA = BD X GF (i2. Proportioft). Therefore 
"^•- CD X AB +'CB X DA = BD X AF + BD X CF 
/= BD X AC (Ax. 3). 

, PROP. XXXIII. 

A circle is equal to a triangle whofe bafe is the cir^ 
^umference of the circle ; and height^ its radius. . 

123* Let AB be equal to the length of the circum- 
ference, and let the circle touch it in I ; draw CI, 
' and CD extremely near it. Then by reafon of the 
extreme fmallnefs of the arch DI, the fedor CD 
coincides with the triangle CDI, and the arch with 
• - a portion of the right line. Now fince the circle 
DEGF may be fuppofed to be made up of fuch 
fecftors Cl)I, and the. triangle ACB of as many 
triangles CDI equal to the feftor CDI ; it follows 
that all thefe feftors ar^ equal to all the triangles^ 
or the circle DEGF =, the triangle ABC. 

This is aHb evident by the 25. IIL for a circle 
may be confidered as a regular polygon of an in- 
finity number of fides, whofe height is the radius 
of the circle. • 

Cor. T'hefeSfor' of a circle is equal to a triangle^ 
wbofi iafe is the arch ^' and height the radius, 

PROP. XXXIV. 

l^a^ ^he area of a circle is equal to the rectangle of half 
; the ^circumference and half the diameter. 

For the circle EGF is equal to the triangle ABC 
(33)^ and that triangle is equal to the re6tangle of . 
half the bafe AB and height CI, that is, of half the 
circumference DFGED, and half the diameter CI 

(Cor, 2, 10. II). 

■/ ■ 

Cor. I. Xhe feBor of a circle is equal to the re^^ 

angle of half the arth and the radius. 

Cor. 
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Cor. 2. SiSiors are to one another in the complicate FIG* 

ratio of their arches, and radii. . ^ ^$* 

For triangles, to which they arc equal, are iti n 
that ratio (Cor. i. 11. II). 

PROP. XXXV. 

Circles (that is^ their areas) are to one another as 
thefquares 0/ their diameters. 

For circumference EFGE : cir.IHKI : :AB : 124.' 
CD (9); andtheaiteas of the circles EFG, and IHK 

EFGxAB ,IHKxCD. x,,i r • 1 
are j and — ^ (34) i therefore circle 

EF : circle IH : : EFGE x AB : IHKI x CD 
(5. Prbportion) : : AB* : CD* (7. Proportion}^ 

Cor. I . Circles are to one another as the fquares df 
'the radii, or as the fqitares of the circumferences. 

For thefe are all in the fame ratio (Prop. IX). 

I 

Cor. 2. A circle made on the hypothenuje, is equal 
to two circles made alike on the fwojidesy of a right- ^ ' ' 
angled triangle. 

» 

PROP. XXXVI. 

Similar polygons defcribed in circles, are to one ano^ 1 24, 
' thery as. the circles wherein they are infcribed* 

Draw CK, AG, then becaufe fimilar polygons 
may be refolved into fimilar triangles (Cor. 2. 19. 
Ill), therefore AF : AG : : CH : CK, and AG 
: AB : : CK : CD (13. II), therefore AF : AB 
: : CH : CD. Or at once, AF : AB : : CH : CD 
(10. IIJ). And polygoa EF : polygon IH :' : 
AF» : CH* : : AB* :CD* (20. Ill) : : circle EF 
• : circle IH (35). 

F 4 , Cor. 
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FIG. Cor. I. Like polygons infer ibed m circles, are as the 

124. Jqmres of the diameters. 

Cor. 2. The peripheries of like polygons infer ibed in 
circles y are as the diameters of the circles'. 

For AF : CH : : FG : HR : : GB : KD : : BE 

DI : : EA : IC (Def. 12), therefore AFGBEA 

CHKDIC' : : AF : CH (-10. Proportion) : ; AB 
CD (19. III). 

/ 

\ 

PROP. iKXXVir. 

j4 circle is to any circumfcribed reElilineal figure ; as 
the circle* 5 periphery y to the periphery of tipe figure. 

125. From O, the center of the infcribed circle, draw 
OP perp. to the fide AD Th.en the 'figure AC 
confifl:s of the triangles ABO, BCO, CDO, DAO, 

whofe common height is the radius OP. Therefore 

its area= xOP; and the circle = circum- 

r PRQ^ Di^ / N 1 . ABCDA X OP 

ference — -^ x FO (34}; but ■ 

: P^Q-^ ^^: : : ABCDA : circumference PQR 
(5. Proportion). 

Cor. I . Any polygon circumfcribed about a circle^ is 
equal to a triangle whofe height is the radius ^ andbafe 
the circumference of the polygon. 

Cor. 2. Of figures of equal compafs^ the circle is the 
higgefi or mqji capacious. 

. .' For if the fides ofthe figure be fuppofed to touch 
thq circle, they willbe greater than thecircumference 
ofthe circle, contrary to the fuppofition.. There- 
fore they will fall within the circle, and then the 
perpendicular upon them will be fliorter than the 
radiusl And therefore tlie polygon will be lefs thaa 
the circle, begaule the triangle (to which itis equal) 

has 
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has the fame bafe, and a lefs height, than the tri- FIG. 
angle to which thp circle is equal. , * 1 2 j» 

Con 3. All figure} circumfcribing the fame circle^ 
are to one another as their circumferences. 

PROP. XXXVI II. 

T^he area of a cronvn^ ring j or annulus ABC (con-^ ia6. 
tained between the circumferences of twcf circles) j is 
equal to the re£langle under the breadth RF, and half ' * 
the fum of the perimeters. ^ 

Let C, cbe the circumferences of the greater and 
leffer circles, then KF i c ix KR. : C (9), andKF 
: KR : : t: : C (4. Proportion), . and KF : RF 
: : r : C — r (13. Proportion), whence KF x 

C-^ = RFxf. 

But the annulus = drfference of the circles ^ 
RK X C KF X c RF x C + FK X C — FK X c 



RF X C + FK X C. - f RF X C + RF X r 



C + c 



xRF. 



Cor. If FG he per p. to R P,^« J a mean proportional 
between the fum and difference of the two radii; then 
the circle defer ibed with the radius FG, is equal to 
the annulus ABC. 

For FG- =KG^ - KF* (Cor. i. 21. Ill); 
therefore the circle whofe radius is FG is equal to 
the difference of the circles whofe radii are KG or 
KR andKF (22. III). 

PROP. XXXIX. 
het ABCD be a trapezium infer ibed in a circle, and | ^ 7 
puf R = the radius, P = AB x BC + CP x DA, '" 
Q^= AB X CD + BC X AD, T = AB x AD 
i + BC x CD. Then the area of the trapezium ivill 

he ^ ^^QJ". 

For 
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For g— T = perp. from A upon BD (28% 

and - — -^ — ; = perp, from C on BD (ibid.), 

' ABxAD+BCxCD T . , ^ ^ , 

and g| — — ^ "r" ^^ ^"^ "^^ ^^ ^^^ 

perpendiculars. 

Therefore r — ^ — = twice the area of th^ 

trapezium (24. Ill); and in like manner 

ABxBC+ADxDC ..,^ PxAC . . , 

T— i p X .AC or > p = twice the 

fame area. Therefor^ T x BD = P x AC, and 
AC t= IjlP. Put AC X BD = AB x CD + 

AD><CB (32) = CL= IiL52!^ and BD^ == 

^andBD = v/^ Whence I^ == 
T y PCL _ \/PQT _ 



area 



Y^ = '—- ^ = twice the ar^a ; and the; 
_ \/PQT . 



Cor.^ I. BD^ = ^ ^nd AC^ = ^. 

Cor. 2. BD : AC : : P : T : : ^iB x BC + 
?D xDA : AB X AD tBC xCD. 

PROP. XL. 

J/'ABCD be a trapezium infer ibedin a circle^ and 
each fide be fubfraSled from the fum of the other 
three ^ there ivill be four remainders ; then take the 
produB of two of thefe remainders, and likewife the 
froduB jof the other Jivoi Ifajy \ times the area of 
the trapezium will be. a mean proprtional, between 
thefe two products 9 
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From A let Fall the perpendiculars AF, AP no^ 
upon CB, CD. Then fince -^ABF = ADC 127- 
(Cor, 31); the firft perp. falls without, and the 
fecond within the figure. Alfo the angles B, P; be- 
ing .right, the triangles ABF, APD,' are fimilar. ^ 

Therefore AB : BF : ; AD : DP = ^g— {13. ' 
II), and AF = v/aB^ — FB~(zi.II ;, alfoAB; 
AF :: : AD : AP = Jkv/AB- — FB^ Draw, AC, 
ihcn AB* + BC^ + 2BC xBF = AC* = AD* + 
CD* - 2CD X ^^-(22; 23. II).' Whence 

2BC X BF + ^^J^ X BF = AD* + CD* 



A3* — BC*, and 



AB 
BF 



_ AD*H-CD*-^AB\— BC» 



AB 2ABxB.C+aCDxDA 

AD» + CD* — AB* — AC ^ . . ^ T> - 

= 31 —^ . (putting P - 

AB + BF ^ 



^ AB X BC + CD X DA). And 

CD» + 2CD X AD + AD» -. AB» + aAB x BC — BC» 



AB 



aP 



CD + 



A]5* _ AB — BC* 



and 



AB — BF. 



2P ' AB 

AB* + 2AB X BC + BC*-CD» + 2CD x AD— AD* 



AB + BC « CD - AD 



2P 
z 



at» 



■■», 



But twice the area = AF x BC +. AP x CD 

(24.III)=BCv/AB*-BF^+^^^^y/AB^^RF^- 

AB X BC + CD X AD 



AB 



VAB^ 



BF* =J 



AB 
PP X 



v/AB* — BF* ; and 4 x area . fquare 

= PP X 



AB* - BF* T^r. ' AB + BF AB - BF 



AB* 



AB 



X - 



AB 
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FIG* ^ pp CD -h AD"^ - AB - BC 



W7. -* -. ^p 



AB -fr- BC - CD - AD 



2 



aP 



-, and I "6 x area = 



CD + AD*— AB-BC* X AB+BC'-CD-AD 



=? CD + AD-t-AB ~BCx CD4-AD-AB + BC 

X AF+ BC + CD- AD X AF+ BC + AD - CD 
(12. 1). 

Cor. I/S = half the fum of the four ^des, then the 
• . area is ji mean proportional between thef e reSlan gles 

S- ABx S- BC, md S - CD x S - DA. 
For area* = CP + ^^^AB-J^ ;^ ^^, ^^^ 

. s - AB = ^^-±-^-HJ^^5-+-^ ^ AB> = 

CD+AD-AB + BC ^ r r .u a 

— -y and to of the reft* 

PROP. XLI. 

12& V ^'^ equilateral triangle ABC he infcribed in a 
circle \ thefquare of the fide thereof^ is equal to three 
times thefquarle of the radius :' AB^ = 3 AD*. 

Draw the diameter AE, and the cord BE. Then 
the triangle BDE is equiangular (Cor. i. 2. II), 
for ^BDE = BAC (Cor. 1.12) = BCA = BED, 
and BE = DB (Cor. i . 3. II). Then AB^ + BE* 
= AE* (21. II) = 4E)B* - 4BE% and AB* == 
3BE* = 3BD*. 

Cor. I. AB* : AF**: 14:3. 
For AB* : AF* : : AE : AF (23. Proportion) 
: : 4 : 3- 

(Cor. 2.DF = half DE. 

Cor. 3, The fide BC of the equilateral triangle^ 

€nts off a fourth part of the diameter. 

PK-vJi • 
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' PROP. XLir. 

Afquare infcribed in a circle^ is equal to twice the iij* 

fquare of the radius ; ^ AB* = 2BO' . 

• '•' . ■ 

For AB*=AO*+OB* (21- II) =20A*. 

. Cor. ^he circumfcribed fquare EG is double the 
infcribed fquare^ AC. . < 

For EG is the fquare of the diameter or 4 
fquares of the radius, and therefore equal to two 
of the infcribed fquares, ABCD, 

PROP. XLIII. 

If two diagonals BD, EC be drawn to cut one i«pk 
another y in an infcribed regular pentagon. The greater ^ 

fegments EF, BF, will be equal to the fide of the 
pentagon^ AB. 

tox fince the arch a6 = BC, and AB=ED, 
therefore EC is parallel to AB, and BD parallel to 
AE (Cor. 13); therefore ABFE is a parallelogram, 
andEF = AB = AE=BF (i. III). 

# 

Cor. I . The diagonals BD, CE cut one anqthet u$ • 
extreme and mean proportion; BD : BF : : BF ,: FD. 

For -^DCF = CDF = CBD (Cor. 2. 1 2) ; there- 
fore the triangles CDF, CDB are fimilar, BD : DC 
: : DC : DF (13- II); that is, BD : BF : ; BF 
:FD. • 

/ 

Cor. 2. The diagonal CE is parallel to AB, and 
BD to AE. 

Cor. 3. The fide of the pentagon BC,' is to the 
' diagonalhDy as i to - — ^, 

For 



r 
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F I G. For BD x FD or,BD x BETIbC = BF* (Cor. i ) j 

130. that is,.BD»^ - BD x BC = BC*j add ^BC*. 

then BD» - BD X BC + ^BC^ = iBC»; that is, 

BD - iBCf =: 5 X ^, and the root is BD- 

4BC =^V'5, .and ^ = — 4-— -/S = BC 

xl±^. 

Cor. 4. ^/S^ ^«^/<? BCF h double to the angle CBF* . 
For it ftands on double the arch. 

PROP. XLIV. 

130. If a regular pentagon be tnfcribed in a circles 
the fiuare of the radius A H> is to the fquare of 
itsjtdey AB; as 2 to ^'^x^^. 

Let HG bifea AB in I, and makf lO = IG. 
Then the angles AIO, AIG are right (Cor. 3. 3. 
II). And put R.= radius AH. The -^GHA= 
f'of a right angle (i. I), and IAH=-f of a right 
angle (Cor. 2. 2. 11); but lAG or, TAO=iGHA 
(12) "= 4 of a right angle, therefore OAH = 
■f- of a right angle (A^x. 4) =OHA, whence I^O- 
= OA = AG. 2 R X GI = G A* (Cor. 1 7) = 

H0» = R - 2Gr = RR - 4R X GI + 4GI* 
(11. I), and 4GI» -6RxGI.+ RR=o (Ax. 3. 
■4), and GI» - iR x GI +-J^RR=o (Ax. 6); add 
-iVRR, then -,VRR-|R X GI+GI* =-,5rRRi 

that is, 4R— GI* = 5 X — -T-, whefnce the root 

iR-GI=-A/5i and GI = ^^^R. But 

JR X "GI - GI» = iRR . And AI» = 2R x GI 
- GI» (17) = iR X GI + 4R X GI - GI* = 

■iR X GI + iRR = 4R X 2Z^R + ^ ?= 

4 4 

• ^'- - RR 



A 
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RR X iz^, and 4AI* or AB» = RR x i:^, .^^^.J- 

. / . 

Cor. I. Xhefquare of ihe perpendicular HI, upon 
the fide of the pentagon^ is equal to^ i-^RR* 



For HI* = R* T AI* = 



_ 8K» --jR* +a/Y-J^R 



8 



8 



RR. 



Cor. 2. V Thejquare of radius HA, ts to the fquart 
0} the diagonal BD, as i to ^ • 



For BC or AB = 



aBD 



AB* = 



- 4BD* _ 



4BD» 



(Cor. 3: 43), and 



i + ^S* i+s+a-Zs 



(IP. I) 



4BD* 



and AB» = RR x —-—^ (44)» therefore 
4BD' _ .BD. ^^„ ' i-vls^ ^^ ^gj3. 



or 



= RR X 



e + av'j " s+Vs 

= RR ^ illvLS x7+7i'= RR ^ ii±^^^^'-i^« 
(Cor. I. 8. I) = RR X iHi±v£5; that is, BD- 

I 

Cor. 3. i)^ CE be the diagonal of the fentagon^ jaij 
tmd OLD ^^ irawHy then DL. = R x %Z^,. 

For DL = ^ (Cor. 17) ^ RR x iZ^ = 



PROP. 



/ 
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FIG. PRQP- XLV. , 

' 131, Tloefide of a regular hexagon infcribed tn a cifcUj 
is equal to the radius of the circle : BE = BD. 

For ^BDE = ^ of four right angles (Cor. i. 
I) = 4 of two right angles. And the angles B 
and E together = ^ of two right angles (2. II), 
whence BED — x of two right angles (3. II) = 
BDE; therefore BE=BD (Cor. i. 3. 11). 

PROP. XLVI. 

1 32* The fguare of the ftde of a regular oSlagoH, in- 

Jcribed in a circle^ is equal to the fquare of half the 

fide of the infcribed fquare^ together with the fquare 

, of the difference of that half fide and the radius ; 

AB* = AP^ +OB-APS 

For AB^ = AP^ + PB^ (2 1 . II), but ^PAO= 
POA. (jCor. 1. 12); therefore PO = AP, and 
BP = OB - OP = OB - AP J and AB* = 



( ' 



. OB-AP +AP». 

Cor. The fquare of radius, is to the fquare of the 
Jide of the oSlagon, as i to x-' '»/%. 

For AP =v/iAOS and PB* = BO - AP* = 
BO-AOv/i - = BO^ - i^^J^ + ^ = 

liAO* - AO*\/ a, add AP» = \KO\ and 
AP^ + BP* or AB» = 2AO* - AO^v/ 2. 

PROP. XLVII. 

33. The radius of a circle is a mean pr^oportional, be' 
, Pweeti the fide of an infcribed regular decagon, and the 
fum of that fide and the radius ; AB : DA : : DA : 
DA + AB, 

Pro- 
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Produce AB to F, fo that BF may be = BD; f IG. 
and drawDF, DB. Then z.ADB=4 of two ^Sh 
right angles, and therefore DAB and DBA toge- " 
ther = f of two right angles (2. II), and ABD v 
= ^ of two' right angles (3. II) =^ BDF + BFD 
(i. II) = 2BDF (j. U); therefore BDF or BFD 
= ^ of a right angle = ADB. Therefore the tri- . 
angles ADB, and ADF are fimilar, for F = ADB ; ^ 
. and A is common, whence AF or AB + BD : 
AD : : AD : AB, 

Cor. I. If the radius he cut in extreme and mean 
ratio ^ the greater fegment is the fide of the decagon y 
AB. 



For fmce AB + AD : AD : : AD : AB. 
Therefore AB : AD : : AD — AB : AB (13. Pro- 
portion), or AD : AB : : AB : AD- AB, there- 
fore AD is cut in extreme and mean proportion 
(Def. II. Proportion). ^ 

Cor. 2. ne radius is to the fide of the decagon ; ai 

ZtO'/^'^l. 

For AB» + AB x AD = AD* (12. Proportion), 
add iAD% then AB» + AB x AD +iAD» = 

^AD* (Ax. 3), and AB + jAD = ^v^5, and 
AB= ^^/5 .-^, and aAB = AD x 



V^5 -* I. 

Con 3. The fquare of the perpendicular upon the 
fide of a decagon^ is ■ ■ ^ ^ x the fquare of th^ 
radius. 

For i AB = rad. x ^^ — , - and its fquare ^ 

G AD 
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-i/ 



FIG. AD * X 2-0— ^, and the fquare of the perpend. 



^33 



8 



* = AD*-AD- x^-^ = AD^ x^^. 



134- 



PROP. XLVIIL 

The fquare of the fide of a regular pentagon infcribed 
in^ a circle^ is equal to the fum of thefquares of the 
radius 9 and of the fide of a regular decagon J infcribed 
in the fame circle ^ AB^ = FA* + AQ^ 

Draw OG perpendicular to the cord FA, to 
cut it in G, and draw FH.. The triangles ABO, 
HBO are fimilar; for zAOB = -f of 4 right 
' angles, orf of 2 right angles (i. I), ^Ifo BAO 
and ABO are together = j- of 2 right angles 
(2. II), and therefore BAO = -iV of 2 right angles ; 
but BOG (= i AOB) = -J X J^ of 2 right angles' 
.= -iV of 2 right angles, therefore BAO = BOG, 
and B is common; whence AB : BO : : BO : BH 

AB • 

Again, the triangles AFH and x\BF are fimilar, 
for Z.A = AFH (3. II), and 2: A = B CCor. 2. 12), 

therefore BA : AF : r AF : AH = —rr ; therefore 



AB = AH+BH =^ 

+ AF^ 



AFMJBO* 
AB 



AB 

or AB* = BO*- 



Cor. The perpendicular OI upo^t the fide of the pen-*, 
t agony is equal to half the fum of the radius and fide 

ef the decagon ; OI = — 



2 



For 01 = OF - FI 
aOF» — FA» 






4OF 



(Cor. 17). And fince AQ* == FA* -f 

AO 
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AO X AF (4^), therefore- AO* -FA* = AO x FlG. 
AF, andaFO^, - FA» = FO» +AF xpO, and I34« 
AF + FO iOF*-FA* _ ^^ 

PRO!'. XLIX, 

The fide of a regular dodecagon infcribed in a cix-cle^ lic. 
is a mean proportional between the radius,^ and the 
excefs of the diameter above the fide of the infcribed 
equilateral triangle. ' . 

Let AB be a fide of the dcxiecagon, and draw 
CB, CF, and DF the fide of the triangle, and 
FR perpendicular to AC. Then ACF = |- of 2 
right angles = CAF = CFA (2. II), therefore 
AGE is an e quilater al triangle, and AO = 4 AC, , 

ai>dCO = v/iAC^ ( Cor. 39 . 11)/ and BO = 

CA-CO = CA-n/4CAs and bo* - CA* 

+ 4CA* - 2CA xv a/^CA* = HCA* - CA* ^x 
(iV. I), ;and AB* = AO* +OB* (21. Ill) = 

^AC* + iMC* — CAV3 =2AC* ---CAV3. 
Therefore CA : AB : : AB : 2CA — CAV's- 
But 2 AC IS the diameter, and CA x v/3 =^ fide 
DF of the equilateral triangle (41.). 
' Cor, T he fide of the dodecagon^ AB = CA x 

V 2 — \/3. ' ^ 

PROP. L, ' 

If ABH be an equilateral triangle ^ and APDFG 136-. 
an equilateral pentagon y infcribed in^ a circle j both 
placed with their angles at A; then the cord BD 
ivtll be the fide of an equilateral quindecagon ; and 
Bl'Zvill be half the difference of the fides of the tri- 
angle and pentagon^ aitd DI (perp\ to BH^ is the 

difference of the perpendiculars in the two figures I and 
BD* = Bl* + Dl*. \ 

G 2 For 
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FIG. For arch AP,=^ 4 = ^5^ the circumference^ and 
}5^' APD = A of.it; alfo APB = j- =.-iV the cir-^ 
cutnference; therefore APD — APB = -iV the 
circumference; and the cord BD, the fide of the 
quindecagon; moreover DI = CO — CE, is 
known from Cor. Prop. XLIV. and Cor. 2. Prop. 

XLI. Alfo BI = —^ — , which will be known 

by Prop. XLI, and Prop. XLIV ; and thence BD^^ 
.^=i BI* + DIS will be known. 
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BOOK V. 
Of Plane?, and folid Angles. 
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DEFIlsriTIONS. 

t 

I. A Plane is a furface which lies ?ven between F IG# 

-*^ the extremes ; or in which all right lines 
coincide. ^ . 

2. A curve furface ^ is that whofe parts lie not 
even between the extremes ; but gradually rife ' i 
or fall. ' 

, 3. K convex furface ^ is that which fwells or rifes 
up towards the mi(Jdle. 

4. A concave Jurf ace J is that whofe middle parts 
are hollow, , or fall lower than the extremes. 

5^ ^ right line^ is faid to be perpendicular to a 140* 
plane, when it is perpendicular to all lines, drawn 
to the foot pf it, as AB. - 

6. The cQm>ron feSlion of two planes, is the line 139* 
made by two planes cutting each other, as EF. 

7. One plane is faid to be perpendicular to ano- I44» 
ther, when it pafles through a right line which is 
perpendicular to the other, as CP. 

8^. The inclination of a line to a plane,. pr the 1^%% 
angle it makes with it, is the angle that line' makes 
with a Jipe drawn from the foot of it to the point 
where a perpendicular^ let fall from the top, cuts 
the plane, as FCI. 

9, The inclination of two planes, is the angle 149. 
made by two right lines'; both drawn perpendi- 
cular to the common feftion, froni any point 

G 3 therein; 
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FIG. therein ; as ^BFD is the inclination of the planes, 
149. AB, CD. 
' This is the angle which the planes make with 

one another- < 

i45» 10. Parallel planes are thofe which are every 

where at the fame diftance from each other^ as 

AC, EG. 
1 50* II. A folid angle is a fpace bqunded by feveral 
' plane angles, meeting in one point, called the 

angular point or vertex^ as A; , 

< 

PRO?. I, 

137^ If a right line in a plane be produced, it ivilljiill 
be in that plane. 

For pro,duce BC in the plane AD, diredlly to 
E ; and if BCF be alfo a right line, then feCE and 
BCF are both right lines; and you have two right 
lines BCF, BCE, with the part BC the fame 
in both ; contrary to the nature of a right line 
(bef.5.I)- 

Cor, 2; If two dijlant points of a right line be iu 
a plane f all the line is fo. 

PROP.' TI. 

4380 If ^^0 right lines GH, IK/interfeSf one another^ 
they are in the fame plane. 

For imagine A, and B, to be in one plane with 
C : thea the line I ACK, as alfo HBCG, and all 
the points between A and B, are in one plane 
(Prop. I. and Cor.). And the like for all other 
Jines as AB, drawn between GCH, and ICK. 

Cor, i^.very part of a triangle is in the fame plane* 
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PROP. IIL FIG. 

^If two pltines AB, CD, cut qne another ,. their 135^ 
comtnon feSlion ^¥ is a right line^ 

For draw the llrte EF in the plane AB, then any , 
, point G of that right line, is in the plane AB (i); 
but becaufe the line EF (drawn between the two 
points E, F, in the plane CD) is alfo in th^ plane ^ 
CD; any point G of that line will be in the plane 
CD. Therefore G being in both planes, will be 
in their common feftion; and their common ' 
^ feftion EGF is confequently a right line, 

PROP. IV. 

) 

If a right line AB be perpendicular to two lines IK, 1 40. 
GH, at the point of inierJeSlion B, then is the line 
AB perpendicular to the plane V^ pajjing through 
them. 

Let BI -r. BG = BK = BH, and draw GI, 

' HK, LM; at, AL, AG, AH, AM^ AR. The 

triangles ABI, AEG, ABH, ABK, are all equal 

(6. 11), and AI - AG = AH = AX- Alfo the . 

triangles GBl,~ HBK are equal, (6. II), andGI 

= KH, ^G .= ^H. Alfo the triang,ks LBG^ 
MBH are eq'>al C7. 1 1); and BL :r BM, and GC 

= Hvl. ' And the triangles AGI, AKH are 
equal (8. |I); and confcqaently^ ^ AGI' = 
^AHM; whence the triangles AGL, AHM are 
equal (6. II), and AL = AM. Alfo the- tri- 
angles ABL, ABM are equal (8 . II), and ^ ABL 
== ^BM = a rrght angle. And thetefore AB 
is perp. to LM. • ' ' \ 

Cor. If a right line AB he perpendicular to fever al 
lines meeting in B, Qs\B^ LB, GB ^ theje lines are ' - 
all in one plane. - » - 

, G 4 For 
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FIG, 'For if any, of them was out of the plane, AB 

140. would make an angle with it, greater or leffer 
than a right angle. 

PROP. V, 

141, Two right lines y AB, CD, ' perpendicular to a 
plane J are parallel. 

Make BDI a figlit angle, and DI = AB,' and 
draw BI, AI, AD : AB is x to BD (Def. 5) ; 
and 4ABD = BDI; therefore the triangles ABD, 
' DBI are equal (6. II), andAD=:BL Then the 
triangles ADI and ABI arc equal (8.' II); and 
ABI == ADI = a right angle. Therefore ID is 
-L to DC, DA, DB, and therefore all three 
are in one plane (Cor. 4). Therefore AB, CD 
^re, in the fame plane (Cor. Prop. H), and arQ 
likewife parallel (Cor. 3. 4. 1)* 

Cor. I. Two parallel lin^s AB, CD, are in the 
Jame plane. , - ' 

' ' ' * 

Cor, 2. ^ Vine drawn from one parallel to another y 
' is in the fame plane with them. 
By Cor i. and Cor to Prop, I. 

' Cor. 3, Through one point, there can be drawn 
l^ut one line perpendicular to a plane^ 

PROP. VIv 

1419 If one AB, of two parallels^ be perpendicular la a 
plane ; the ether will^lfo be perpendicular to it. 

Suppofe as in the laft Prop, then the angles 

IDA, IDB, are right. Therefore. Dl is -^ to the 

. plane ADB, in which AB, CD are (Cor. ?• 5); 

th^re- 
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therefore ID is 4- tb CD; but CDB=aright an- KIG. 
gle. Therefore CD is J- to the plane EG. • •4*» 

PROP. VII. 

If FI be perpendicular to the plane BE, and FC 1 42V 
perpendicular to a line AB, drawn* in that plane} 
then the line CI joining their JeSlions^ is alfo perpen^ 

dtcular to the line AB. ' 

* ■ ■ , 

For firft, fuppofe CB J-to CI, draw IG parallel . 

to CB, then IG , beitig -J- to CI and P^I, is J- to 
the pUne CFI (4); and ACB is alfo -A- to the 
plane FCI (6) ; therefore BC is -J- to CI. and to 
CF. And on the contrary being -L toCF, it is 
alfo -L to CI ; otherwifc it could not be -J- to the ' 

plane FCI j nor its parallel GL 

PROP. VIII. , 

Right lines AH, CI, parallel to the fame right , iJ^xl 
line EG, though not in the, fame plane ^ are parallel ^ 
to one another* 

In the plane of the parallels AH, EG, let HG 
be -L to EG. Alfo' in the plane of the parallels 
EG, CI, draw GI -L to EG. Therefore EG is 
4- to the plane HGI ; therefore AH, CI are alfo 
-L to the fame plane HGI (6), whence AH an4 
CI are parallels (5), 
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PROP. IX. 

If two planes AB, CD 1?e perpendicular to one 
another ; and from any point P in one, a, perpendicular 
VHj be let fall to the othir ; // fliaUfall upon the 
common feSion PL 

For the line J^N J- to the common feftion, is 
■J- to the plane AB (Def. 7), and if another perp, 
could be drawn which falls not upon the common 

fedion ; . 
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V 

F I G, feftion ; then two perpendiciJars might be let fall 
144. from one point, which is abfurd (Cor. 3. 5)^ 

^Cor. A line NP in one plane ^ perpendicular to the 
common feSidn of two perp. planes^ will be perp. to 
the other plane* "^ 

PROP. X. 

?45. * "^hofe planes KCy EG, are parallel^ when the, 
; V fame right line IK, is perpendicular to both. 

' Draw DL parallpl tp IK, and dfaw II), KL ; 

• then fince the angles LKI ^ KID (hyp.) = IDL 
(6) =a right, angle, therefore KLD is a right 
angle (i6. Ill)} therefore ID is parallel to KL 
(Cor. 3. 4. I) ; whence IKLD is a parallelogratp, 

^ and IK = DL, therefore AC is parallel to EG 
(Def. 10). \ 

Cor.' If a right line is perpendicular to one of two 
parallel planes, it is perpendicular to the ot^er. 

PROP. XL 

"r 145. If two parallel planes hC^ EG, be cut by a thir^d 
IL; their common feBions are parallel; ID»»iKL. 

For it was proved in the lad prop, that IDLK is 
a parallelogram, and that ID jand KL are parallel, 

Or thus. 

Let the plane IBED cut the parallel planes AC» 

EG, in the feftions ID, BE. Now if ID, BE 

* be not parallel, or equidiftant, they will meet fome 

way j and confequently the planes wherein they are 

placed, mull qieet, which is abfuird. 

Cor. If a lineiD be parallel to the plane EG; all 
planes drawn through this line ID, fhall interfeSi the 
plane EG in lines parallel ta ID^ and to one another^ 

Foy 
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For KL is parallel to ID, and BE is parallel to 
ID, arid therefore KL, BE arc parallel to One 
another (8). 

PROP. XIL 

Kight lines AQ, BR, cut by parallel planes^ G> H, 
\y are cut proportionally I AC : CE-; : BD : DF. • 

Draw AB, EF; and BE ro cut the plane H in P, 
Then in the places, BEF, EAB, the fedions PD, 
EF, as a)fo CP, AB will be parallel (i i)-; there- ' 
fo/e in the triangles BEF, EAB ; AC : CE :. : BP 
; PE : : BD : DF (12 IJ). 

Cor. The fegments of parallel lines ^ cut off by pd" 
rallel planes^ are e^uaU 

PROP. XIII. . 

If two lines AB, AC, cutting one another^ be parallel 
to two other right lines ^ ED, DF, cutting one a^iother^ 
though npt in the fame j>lane'y thefe lines will make' 
equal angles I BAC=:EAD. 

Let AB = DE, AC =^ DF, and draw BE, AD 
CF, apd alfo BC, EF. Since AB, DE are parallel 
and equal, therefore BE, AD are equal and parallel 
(Cor, 3. 5. i). For the fame reafon CF, AD, are 
equal and parallel. Therefore BE, FC are paral- 
lel and equal (Prop^ VIII and Ax i). There- • 
fpfe BC is equal and parallel to EF (Cor, 3. 5. I), 
The triangles BAC, EDF, have all their fides equal, - 
therefore ^B AC = EOF (8. II) 

. PROP. XIV.. 

If two lines AB, AC, which meet one another^ he 
parallel to two other lines DE, DF, that alfo meet one 
another^ though not in the fame plane; tht planes BC, 
EF, drawn thtough ibem, will be paralkL- 

Let 
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Let AG be perpendicular to the plane EF, and 
GU, GI parallel to DE, DF ; then CiH, GI will be 
parallel to AB, AC. And fince IGA, HGA arc 
right angles, CAG, BAG, will be right angles > 
(4. I) ; therefore GA is -^ to the plane EC, and - 
lince it is -i- to the plane EF (conftruft,), there- 
fore the planes BC, EF are parallel ( 1 o). 

PROF. XV. 

If izvo planes AR^ CD, ivhich cut .o)te another ^ bis 
both of them- perpendicular t6 a third 'plane GH ; 
. their common- fedion EF, Jlodll aljo be perpendicular 
to the third plane ^ GH. 

For a perpendicular to the plane GH,. at the 
point F (in the common feftion of the planes AB, 
GH), muft be fomewhere in the plane AB (Def! 7). 
Alfo a perpendicular at F (in the common fedtion _ 
of the planes CD, GH), muft be fomewhere in the' . 
plane CD (ibid.); therefore it muft be in their 
comjuon fettion ; that is, the common feftion EF 
is -^ to the plane ^jH, 

Cor. 516^ common feSIion EF zuill be perpendiculdr 
to FD, or FB, thefe£lion of either plane luith the third. 

PROP. XVI. 

In a folidangle A, contained under three plane ones ^ 
BAD, DAC, BAC ; any two of them is greater than 
the third. 

Let BAC be ,the greatc ft, and, let C- BAE = 
BAD, and AD ;= AE. And draw Bl^C, BD, 
DC. The triangle BAE = BAD, for BA, 7\E 
are equal to BA, AD, and ^BAE=BAD, there- 
fore BE = BD, and AE = AD (6. II). But 
BD + DC is greater than EC (^. II), and DC 
greater than EC. And fince AD = AE, and AC 

• common* 
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common, ^r. CAD is greater than CAE (Cor. 6. II), p I G. 

150- ■ 
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Therefore BAD+CAD is greater thai^ BAG. 



PROP. XVII, 

« 

Evdry folid angle is contained under kfs plane angles 
than fo&T right angles. 

i 

'Suppofe a plane to cut the fides of the angle, and . 
to make a polygon BCDE, to confift of as many 
triangles, as there are to make up the folid angle A. 

Let. X = fum of all the external angles of the 
•polygon B, C D^ i<fc. Y == fum of all the angles ' 
at the bafes of the triangles compofing the folid 
angle, EBA, ABC, &t. . Then will X + 4 right 
angles = Y + A (2. 11). But fince EBA+ ABC 
' is greater than B (16), &c. therefore Y is greater 
than X, and confequently A is lefs than 4 right 
angles. 

PROP. XVIII. 

, Thcfe folid angles are equal A, G ; which are con* 
tained under the fame ^number of plan§ angles ^ alike 
fituated^ and having the fame inclinations refpeSlively. 
For fince ^BAC ^ HGI; CAD = IGK, &fr. 
therefore if HGI be laid upon B AC, they will coin- 
cide, and Gl will fall upon AC. Alfo if IGK be laid 
uponCAD, they will like wife coincide. And more- 
overj fince the inclination of the planes HGI and 
KGI is the fame as BACand DAC; therefore the 
folid under HGIK will exaftly coincide .with that 
under BACD. For the fame r^afon the folid, under 
the planes IGKLandC AD E,willlikewife coincide; 
and alfo the folid under KGLH and DAEB will 
coincide; and thofeunder LGHI, and EABC^ will 
coincide; and fo the whole folid angle G will coin- 
cide withthewholefolidangleA, and confequently 
they are equal (Ax. 8). 

PROP. 
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PROP. XIX, 

Iftwofolid angles A, B, be contained Ufider threi^ 
plane angles refpehively equaly and alike Jituated; the 
like planes have the fame inclination to one another* 

Let -^KAD =^ MBG, KAE = MBH, and 
EAD ;= HBG; the ^ made by KAD and KAL, 

' win be equal to that made by MBG and MBN, 
For make BM = AK, and let ICD, KL be J- to 
AK, and MG, MN -^ to BM. Draw LD, NG ; 
in the triangles KAD, MBG, ^ KAD = MBG, 
and K, M right, and AK = BM; therefor^ 
KD;;=^ MG, and AD = BG.(7. II). »For the. fame 
reafon, in the triangles KAL,,MBN; KL = MN,* 

.' and AL = BN . And in the triangles LAD, NBG ; 

%A, AD are equal to NB, BG; and ^ A = B^ - 
therefore LD = NG'(6. II)» In the' triangles 

. KLD, MNG; the three fides are equal; therefore 
^ DKL ^ -^GMN, which are the inclination of 
the planes. And the fame way it is demonftrated 
for the other planes, v 

Cor, I'hefe Jolid angles are equal j which are cofh 
tained under three plane angles^ refpeStively equaL 

For the planes of thefe angles will have the (ame , 
ihclination to one another refpeftively (19); and 
confeqjuently -the folid angles, contained thereby, 
will be equal (i8). 

Scholium. 

It is evident from hence, that a folid angle, con- * ' 
fifting of 3 planes, is determined from the quantity 
of the 3 plane angles it confifts of. For (fig. 1 53), 
the triangle KLD, which is its bafe, is determined 
from the three fides, KL, LD, KD, being given. 
. And if the point A be alfo given ; the planes AKL, 
ALi), AKD, are capable of no alteration in their 

. pofition ; 
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pofition ; ' and fo the folid angle A is determined. FIG* 
Butakhongh a folid angle of j plane angles is deter- 
mined from the quantity of the angles alone; yet 
when 4 or mote planes are concerned^ the quantity . 
of their angles is not fufficient. This will be plain' 
by infpefting fig, 1 55, Wher^ the bafe of the folid i S5* 
angle A* i^ the trapezium BGDI. For the 4 fides 
of thetrapeziumalonearenotfufficienttodetermine 
its figure; apd by altering its figure, the pofition 
of the planes is altered (though the feveral angles 
are not), and confequently. the quantity of the 
folid angle A, is altered. So that the folid angle 
can no more be determined, from the plane angles 
given ; than a trapezium cian, by having all its fides , 
given; and much lefs can it be fo'in polygonal 
angles and bafes. 

PROP. XX. 

If there be two folid angles A, G, and the fides of one ^ 151. 
AB, AC, AD, AE, be refpeElively parallel to the 152. 
fides GH, GI, GK, GL, of the other'; thefe folid 
angles will be equal. 

Forfince AB, AC, are parallel to GH, GJ; 
^BAC = HGI (13); for the fame reafon ^CAD . - 
= IGK, DAE= KGL, EAB = LGH. More- 
over, as AB, AD are parallel to GH/ GK; 
iiBAD = HGK, therefore the folid angle made by 
the three planes B AC, CAD, BAD*^s iequal to that 
made by the three planes HGI, IGK and HGK 
(Cor. 19). For the fame reafon the folid angle made 
by the three planes CAD, DAE, C AE is equal to 
that made by IGK5 KGL, IGL. And for the fame 
reafon the folid angle A made by DAE, EAB = 
folid angle G made by KGL, LGH, And folid ' 
angle made by EAB, BAC = folid angle/ riiade by 
LGH, HGI. Whence all the parts of ths folid 
angles A, G^ being mutually equal, and having a 

like 
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FIG. like fituation ; the whole angle A, niuft be equal 
151. -to the wh(51e angle B. . 

Cor. In two/olid angles A, G, whofe planes B AC, 
CAD, i^c. are refpeSlively parallel to the platie'i HGI^' 
IGK, i^c\ thefefolid angles will be equal. 

For it comes to the fame thing, whether the 
lines AB, GH, be parallel, or tne planes BAC,^ 
HGI, £5V. (14). 
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BOOK VI. 
Of Solids. 






DEFINITIONS. 

I • A Pyramids is a fplid ABD, made by the mo- F I G# 
xjL tion of a line as AB, along the circum- ^SS* 
ference BCDIB of the plane figure BD, the other 
e^d at A, remaining fixt. The figure BCDA is 
called the baje of the pyramid. The fixt point A is 
the vertex. If the bafe be a triangle, it is a trian-^ i^o. 
gular pyramid ; if ^^polygon^ a multangular pyramid. 

2. A cone is a folid generated by aline ABmbving i ^S. 
about the circle BCP, the end A remaining fixt. 

, The vertex is the fixt point A. The axis is the line 
AO drawn frooi the vertex to the center O of the 
circle. The ^^7& is the circle BCD. ThcfideisAB 
or AD- It is called a right cone^ if th^ axis is per- 
pendicular to the bafe; oihQiWiHt^xiobiique ox fcakfie 
cone. An equilateral cone, is a right cone whofe fide 
is equal to the diameter of the bafe, 

'3. A cylinder is a folid, formed by a line FB 157. 
moving about two equal and parallel circles, foas 
that the moving line always keep parallel to the line 

. PO joining their centers. The circle FG or BD is 
called the bafe. The hnePO, drawn between thfe 
centers of the circles, is the axis. If the axis is per- 
pendicular to the bafe, it is a right cylinder; if act, ' 
an oblique one. FB or GD is xhtjide. If the fide 
of a right cylinder be equal to the diameter of the 
bafe, it is called an equilateral cylinder. 

H 4. A 
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•44 A/;ri^is.afolid, asACEH, whofeeiids^e 
two fimilar equal plane figures, and parallel to one 

, ' anotber; and, the fides, are parallelograms. The 
bafe lis the plane 6gure at either end ABCD or. 
HG£,F. If all the fides are perpendicular to the 
ibafe^ it is a right pnfm\ otherwife an oblique one. 

15B. , Jf the bafe is a triangle, it ^s a triangular prifmi if 
a, polygon,' a multangular pri/m. 

Cpr. A cylinder is a prifm of an infinite number of 
fides. 

i6p, S' ^ P^rallelopipedon is a prifm contained under 
fi'x plane figinres, whofe bafes, and oppofite fides are 
parallel, as ABD. If the fides are all perpendicular 
to the bafes, it is an upright parallelopipedon ; if not, 
an oplique one. 

161. ; 6, A cube is a folid contained under fix equal 
fquares, fet perpendicular to one another, as AB. 
. yt Apolyedron, is a folid contained under feveral 
"redllineal figures. 

, ' 8'. A regular folid or body, ts a folid contained 

imder feme number of equal and regular plane 
figures of the fame fort; ' otherwife they are irregu- 
lar bodieSy - / 

1 60. 9- Height, of a folid, is the perpendicular falling 
from the vertfex or top, upon the bafe, as BP.^ 

10. Frujluryty ^ of a lolid, is the lawer part, cut off 
by a plane parallel to the bafe. 

1 1. Similar pyramids^ are thofe contained under 
. fimilar plane figures, equal in number, and alike 

placed. ' ^ , 

I z. Similar folid s are thofe which are made up of 
an equal number of fimilar pyramids, alike placed : 
or which may be refolved into fuch, 
i 13. Area^ is the quantity of the fuperficies of any 

plape figure. 

14. ^o^/Vj are faid to /^»f^ one another, . when 
thely meet, but do not cut or enter into one another. 

PROP. 
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PROP. I. 

In any paralklopipedon EH, the oppofittplanes AE, 
IIB, are Jtmilar and equal parallelograms. 

The plane AC, cutting the parallel planes AG> 
DB, make the feftions AH, DC parallel (i i. V). 
And the fame plane AC, cutting the parallel planes 
AE, HB, make the feftions AD, HC parallels 
(ibid.) ; therefore ADCH is a parallelogram* By: 
the fame rcafoni pg, all the other planes are parallelo- 
grams. Therefore BG = CH=* DA =EF (i. III). 
And fince DA, AF are parallel to CH, HG; 
therefore i^DAF - CHQ (13. V); therefore the 
parallelogram AE — HB (Ax. 8), having equal 
fides and angles. And the fame way it is Ihewa 
of the other oppofite planes. 

PROP. II. 

Ifaprifm HC, be cut by a plane parallel ia, the bafe 
' AC; theJeSion EG, will hejtmilar and equal to the 
bafe. 

Since AE, BP, CG, DI are parallel (Def. 4), and 
the plane ABFE is cut by the parallel planes AC, 
EG, the feftions AB, EF will be parallel, there- 
fore ABFE is a parallelogram, and EF i= AB 
(r. lit). For the fame reafon FG = BC;^ 
GI = CD, and EI ^ AD. And fince AB, BC 
are parallelto EF, FG; ^ABC = EFG (13. 5). 
After the fame manner ^C = G, and I = D, and 
E = A. • Whenccxthe figure EFGI is fimilar and 
iqual to A BCD (Ax. 8;, having, the fides and 
angles all equal. 

Cor. If a paralklopipedon ' be cut by a plane parallel 
to any fide \ the fe^ian wilibefimilar and equal to that 
fide. • ' ' • . 

H 2 For 
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'FIG. Pqjt ijj jIj^j folid, anv fide may be taken for the 
.Oi^l- bafe(i). 

PROP. IIU ' 

^O Tbefurface of anypolyedron^ is equal to thefum of 
J{he areas of all the figures that inclofe it. 

^" ^For all thefe figures make up the furface, there- 
*mte the fum of their areas is equal to the area of 
me whole (Ax. 2). . ' 

,( I Cor. I - The furface of a pyramid is equal to the fum 
'fjb^ll the triangks itulojing it, together with the hafe. 

j^"Cor. %.The furface of an upright prijm AE, is 
r^ual to the reSlangle of its height, CE, and the cir^ 
^mference of its bafe, GEFH. 

For all the fides are re6tangles of the fame height, 
all which are equal to a reftangle, whofe bafe is tlie 
fum of all thefe, and height the fame (8. Ill)* 

-y^Xor. 3. The furface of any regular body is equal to 
the area of one of the faces, multiplied by the number 
pf them. 
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164. ill\The curve furface of a right (ylinder AD, is equal 
ftdthe reBangle of its height, and the circumference of 
3>fe^j/^; BDxCKDC. 

•^^^Suppofe FK, 01 to be drawn upon its furface 
m^allel to the axis, and extremely near together. 
Then thepart of the furface OK is equal to the fmall 
^Uf-allelogram OIKF, or OI x IK (Cor. 2. 6. III). 
' ■ In like manner the wholefurface may be divided into 
^flch parallelograms, the fum of all which, will be 
;xp^|!hefum of all the IK's x OI; that is, the curve 
:'" furface will be = the circumference CKDC x OI. 






Cor. 
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Cor. I. The curve fur/ace of a right cylinder^ ^^^^.-^ 
equal to a circle whofe radius is a mean proportional be^ih l®^^ '^ 
hveen the Ji'de Ahf and diameter of they bafe^D. 

For let R, C be the radius and circumference ^^^ 
this circle, A its area. Then AC : R : : R : Cl5^ 
(hyi>.), and AC : JR : : 2R : CD (Cor. 3.12. Pro-^ 
portion) : : C : circumference CKDC (9. IV). 
Therefore AC x CKDC=:4RC; that is, the fai4i . 
£ace of the cylinder = A (34. IV). ' 

Cor. ^. As half the radius of the bafe : to th^ 
Jide : :Jb the bafe of the cylinder : to its curve furface\ 

For the bafe^ ^ CDxCkpc ^^^^ j^^^ ^^^ 

— — « — - : furrace AC x CKDC : : — : AC 
(Cor. I. 5. Proportion). ^ i^ 

Cor. 3. The^curvejurfaces of right cylinders^ are iH 
the complicate ratio of the heights^ and diameters oftlUL 
bafes^ , ' 

Fortheirequal reftangle are in that ratio(Cdr %. ' 
8. Ill), and the diameters are as the circumference? 
(9.tV). ( 

PROP. V. . y 

The curve furface of a right cone^ is equal to the area 1 6 <. 
of a triangle^ whofe height is the fide AB, and bafe the 
circumference of we coneys bafe^ BKDB. 



r 
1 



. Take the very fmall arch IK, and draw AI, AK) 
Then the part of the furface AlK coincideswith the 
fmall ifofceles triangle AIK, whofe bafe is IK, and 
height AI. In like manner the whble curve furfaceof 
the cone, may be fuppofedtoconfiftoffiich triangle^ 
whofe common height is AI^ and bales fo manyKI's. 
AH which triangles are equal to the triangle whofe 
... H 3 height 



\ 



10^ ^ / Yy&t? ELEMENTS. 

^ ^ ®* height is AI ; and bafe, the Turn of all the iK's, or 
^^5* the circumference BKDB (Ax. 2). 

Cor. I . The curve furf ace of a right cone is egualio 
half the reSlangle of the fide AB, and circumference 
, of the bafo, BKDB. . , ' 

For half of that re<5langle is equal to a triangle of 
the fame height and bafe (7. III). # 

Cor. %n The curve fur face of a right cone is equal to 
a circle J whofe radius is a mean proportional bttween 
the fide AB, and the radius of the bafe BC. 

r or the conic lurface = , and the 

area of the bafe BD =' l£ii?E^ (34, IV). Let 
the radius 'R = \/AB x BC, its area = A. Then 

• r ^ ' ^ T>T\ AB X BKDB 
conic lurtace : circle BD : : : 

BCxBKDB A« i>r^ /o n • \ 

; : AB : BC (Cor. i . 5 Proportion) 

:\- ABxBC : BC* (5.tbid.)• 
And circle BD : circle A : iBCmR* orABxBG 

(Cor. 35. IV). Therefore conic furface : circle A : : 

AB X BC : AB X BC ( 1 5 Proportion . There fore the 

conic furface = circle A, whofe radius is v/aB x BG 
(Ax. 7. Proportion). 

Cor. $• In a right con e^ as the radius of the bafe 
BC : to the fide AB : :Jo the area of the bafe BD : /d 
the curve furface of the cone ABD. 

For it is^S2^^± : ^t^^^ : ; EC : AB. 

Cor. 4. The curve furfaces of right ones^ are in 
the complicate ratio of the fides and diameters of the 
bafes. . , 

- For 
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For the equki triangles are la that ratio {Cor. i, ^^^^^ 
IT. II), and the diameters are as the circumfp- 
rences (9. IV.) 

Cor. 5. The curve furf ace of a right cylinder ^ is to 
ihe^ curve fur face of a right cone^ on the fame bafe; as 
the fide of the cylinder^ to half the fide of the cone. 



PROP- VI: 

The curve furf ace of the frufium of a rijrJot cone PD, 
is equal to half the re Bangle under the fide PB, and 
the f urn of the circumferences of the hafes, PE, BD. 

Produce BP, DE to A, and compleat the cone; 
then from A draw OI, FK exceeding near one ano- 
ther, then the fmall part of the curve furface OK, 
falls in with the fmall trapezoid OFKI, whofe area 

is "■■ X 61 (23. Ill)- And as all the furface 

of the frufium may be divided into fuch trapezoids, 
therefore its furface is = fum of all the trapezoids 

= fum of all the — x OI = r— ^ 

X 01. 

Cor. The curve furface of the frufium of a right 
coney is equal to a circle ^ -whofe /adius is a meaji pro- 
portional between the ftde PB, and the fum of the 
radii of the kafeSy BC + PH. 

For let R = radius, C ^ 1 circumference, of the 
circle equal to the furface of the cone ABD: And 
r ,— radius, r = J circumference of the circle equal 
to the furface of the cone APE. And fince R : C 

C c 

: : r : ^ C9* IV), let ^ = — = k, or C = R«, and 

c = rn. The triangles APH, ABC are fimilar, and 
BC : PH : : BA : PA (13. II;, and BC — PH 

H4 :PH 
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FIG- . pTT . . PR .p. PHxPB , -, . . 

1 66. • • • ^^ ' ^^ = BC-PH ^^0' Proportion); 

; , but furface of thccone ABD =.RC = «RR = « 

: X AB X BC (Cor. 2. 5) . = « x. AP + PB x BC 

PH X PB T^-^ . _^ 

, == « ^ BcH-pli + PB X BC = « X 

^ PH X PB + BC X PB — PH X PB ^^ 

Bc-PH ^ — : X BC = « X , 

BC — PH ^ ^^• 

, Alfo filrface of the cone APE :=: re =i nrr = n 
•v. APv^PM/r^r^ N PHxPBxPH 

^ X AF X rti (Lor. 2. ,5) = K X j^Q^pH * 

Therefore their; difference, or the -furface of the 

r /I • w BC*xPB PH*x'PB 

fruftumis« X g^:::pg-.« >< jg^ = « X , 

= the circle whofe radius i s v PB x BC + PH;^ 
I ' and chrcumference n y^ V^PB x BC+PH. 

PROP. VII. 

167, The furfacei of fimilar Jolids AD, PS, areastht 
fquares of their homologous fides, AB* and PQ^. 

Draw the diagonals AC, PR. Then fince the 

bodies are refolvable into fimilar pyramids(Def. 1 2; 

• which are contained under fimilar plane figures 

(Def. 11). Let the planes inclofing them,.be ABC, 

PQR, and AGC, PIR, i^c. which being fim.ilar, it 

is AB : PO: : AC : PR ; : AG : PI : : GE : IT, 

&c. (13. Ill; and fince AB» : PQ^ :': triangle 

ABO : PQR (i8. II), and AC* : PR* : : ACG 

. : PRI; an^ AG* : PI* : : trapezium AE : PT 

(2Q. Ill); and GE* : IT* : : GD : IS, &c. there- 

N fore AB* : PQ^ : : ABC : PQR : : ACG : PRI : : 

AE : PT : : GD : IS &c. whence AB* : PQ^ : : 

BG + AE + GD ffff. : QI + PI + IS i^c. (10. Pro- - 

portion) : ; furface of AD : fyrface of PS. 

t , ' Cor, 
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Con Similar parts of the fur faces of ftmilar foliis^ FIG. 

4irc as the f quarts of the homologous fides. ^^7* 

I - > • ■ 

r I t 

PROP. VIII. ^ ' 

Aright triangular prifm ABCFHE is equal to an i68» 
oblique me APIGHP, of the fame length AH, con- 
tained within the fame t hree parallel /ines'EP, HA, FI, 
or the planes pajing through them. 

For AH = PD = BE = IG = CF (i. m), 
» whence PB = DE, IC = GF;and AP, AB, AC, 
AI being parallel to HD, HE, HF, HG (Cor. 3, 
5. 1), the folid angle A = folid angle H (20. V). 
For the fame reafon the folid angles at P, B, C, I 
are refpeftively equal to thofeat D, E, F, G. And 
fince the fides are all equal, e^ch to each, therefore 
the two folids APBCI and HDEFG will exadly 
coincide, and be equal the one to the other (Ak. 
8); and therefore the reftangled prifm HEFCAB 
;= the oblique one HDGIAP. 

Cor. I. If a parallelopipedon AB, be cut by a plane 169. 
paffing through the diagonals y of the oppofite planes^ it ^ 
jliall be cut into two equal parts. n 

Forthe triangle CGF = CBF, and DAE=DHE 
f I. Ill); and the length AG = length BH; there* 
tore if the two prifms CFA, apd CFH be laid fo, 
that H may coincide with A, and EHB widi 
DAG, their planes will coincide, and each of them 
being oblique, is equal to a right one of the feme 
length (8). 

Cor. 2. Hence any prifmatic folid cut obliquely by 
parallel piques, is equal to the fame cut off at righ 
angles^ and of the fame length. 

For any fuch folid may be divided into triangular 
prifms^ by plaices paffing through both ends of the 

folid. 
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FIQ. folid. And each triangular prifm cut obliquelv, 
.169. is equal to one of the fame length, cut at right; 
angles (8). 

PROP- IX. 

^ 70. IfapafallelopipedonKS^ be cut hy a plane^ p({ff^^g 
through O the middle of the diameter CQ^ the plane 
^ijeds it. , 

Letthe diagonals AD, BC cut each bthfer in F ; 
and RQ, PS, in !• Draw the axis Fl, which cuts 
CQjn O, beca^fe BCRQJs a parallelogram ( z. and 
Cor. 3. Ill); and FO = 0\. Let the plane 
EHOVX be parallel to ABDC. Then the paral- 
. lelopip. AX = half A5. Let any plane GTOLN 
pafs through O. And let tjie folid be. cut by the 
' . two planes ADSP, and CBQR, into four triangular 
prifms. 

The two oppofite folids OTGEH and OLNX V, 
are equal J for the fides are parallel (11. V), and 
equal (Cor. 3. III). And therefore the folid angles, 
atthecorrefpondentpoihts,areequal(20. V) ; there- 
fore the folid EOG = XON. Therefore in the pp- 
pofite prifms ACI, and BDI, the folids contained 
between the planes E VXH and GTLN, are equal. 
And it is proved die fame way, that the folids, in 
the oppofite prifms ABI, and DCI, contained be- 
tween the planes EVXH and GLNT, are equal. 
And therefore fince AX is half the parallelop. the . 
plane GTNL cuts off ha\f the parallelop. or divides 
it into two equal parts. 

Gor. ^he axis FI, and diagonal CQ^ bife£l each 
other. 

For thev are both in the parallelogram BCRQ^ 
; (Cor. 3. III). 

PROP. 
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PROP. X, . p,^; 

Parallelopipedons upon the fame baJeCDYl, and i?^' 
Between^befameparalklpkneSyClFDandBHyOLAf 

are equaL . \ 

The triangles LAI and KEF are equal and fitni- 
lar (6. II); and the prifm KEFDQH = LAICBG; 
fubtraft the common folid ErLQjG, and the 
folid AIrEBCiCL= LrFKGfDH ; add the prlfm 
IrFCjDr and the folid paral. CDEIQEAB = 
, CDFIHKLG upon the fame bafe ID, . . 

Again, the triangles F VK and DMH are Hmilar 
and equal (6. II), and the prifm FVKIOL = 
DMHCLG; fubtradt thecommon prifm M/KP"/*!^ ' 
and the folid F VM?lOP« = D/KHC«LG ; add the 
prifm DF/CIh, and the folid par. FVMDIOPC= ^ 
DFKHCILG = CDFIQEAB. 

, prop; XL \ 

' Parallelopipedons of equal bafes and heights are ij^. 
equah 

Let the parallelogram AGIC be the bafe of the 
parallel op iped. Draw BH, DF parallel to AG, AC* 
' The folid pip. upon the bafe AGI = that on the 
bafe ACI (Cor. i. 8); and folidson ABEand EFI, 
are = thofe on ADE, and EHI (ibid.). Take the 
two latft from the firft, and there remain^the folid on 
DH=:folid on BF. But parallelogram DH=BF 
(4. III). Therefore folid pips, on eqiial bafes and 
heights are equal, when tlie angle at E is the fame* ' < 
Moreover tlie pip. on the bafe BCEF is equal 10 
that onthe bafe EOPF, and the fame height (Cor. 2. 
8); reckoning OP or EF the length of the folid* 
Whence the parallelopip. on the bafe DH, is equal 
to the pip. on the bafe EP, and height the fame. 

PROP. 
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I " 

PROP. XII. ' 
FIG. 

1 73. Parallehpipedoni of the fame height are in propor- 
tion as their bafes» - 

Let BN be tjie bafe of a parlopip. divide the 
bafe into any number of equal parts at D, E, F; 
G, ^c. and draw planes || to ABC ; then the 
parlopips. ftandihg upon CD, DE, EF, i^c. will 
b^ all equal (tij; whence the pip. AK.is as 
multiple of AD, as the bafe BK is of the bafe BD, 
alfo the pip, LN is as multiple of AD, as the bafe 
ON is of BD. Whence }t will be as pip. AK : pip, 
IJti : : bafe BK : bafe ON (Def. 4. Proportion). 
Moreover, let the bafe PQJbe = ON, and height 
QR = AB, then the pip. PR = LN (11), whence 
pip. AK : pip. PR : : bafe BK : bate ?Q^ 

Cor. I. TaraUelopipedons of equal bajes are as 
their heights. 

For m redlangled ones, any fide or face may 
be taken for the bafe; and rightang'ed ones .are 
equal to oblique ones, betNveen the fame paraUel 
planes (10). 

Cor. 2. Tdrdlleloptpedons dr^ to one another ^ intht 
complicate ratio of their bafes and heights. 

. ' PROP. XIIL 

17 c. V ^^ parallelopipedonsj AD, FI, be equ^r; their 
bafes and heights are reciprocally proportional; AC ; 
FH : : HI : CD. 

Suppofe the fides CD, HI perpendicular to the 
bafes, and make HM = CD. Then bafe AC : 
bafe FH : : folid AD or FI : folid FM ri2) : : HI: 
HM or CD (Cor. i. 12). And if the pips, be ob- 
lique, inftead of fuppofing CD, HI to be the fides, 

let 
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let them be the heights, and then oblique pips. FIG,. 



being equal to upright ones (ip); the proportion 
continues the fanle. 

Cor. If the bafes and heights of two parallehpipe- 
dons be reciprocally proportional, they are equal. 

tov fince bafe AC : bafe FH : : HI : CD (hyp.), 
therefore AC x CD = FH x HI (i2. Proportion), 
and folid BE : folid FI : : AC x CD : FH x HI 
(Cor. 2. 1 2). Therefore fohd BE = folid FI (Ax. 
7. Proportion* 

PROP, XIV. 

Allprifmswhat/oevery ASb,VSR^ of equal bafes 
Mnd heights y ^re equal. 

For any polygpnal bafe BD may be divided into 
triangles, by diagonal lines ; and the polygonal 
prifm may likewife be divided into triangular 
prifms, by planes paffing through thefe diagonals j 
each - of which triangular prifms is equal to half a 
parallelopipedon (landing on double the bafe (9); 
and as all. thefe triangular prifms make up the 
polygonal prifm, this prifm muft be equal to a 
parallelopip. of the fame bafe and height, and that 
equal to the prifm PRS of an equal bafe and height 
(Cor. I. 12). 

Cor. I. Prifms of equal bafes are as their heights; 
andofeqtlal heights, are as their bafes. 

For they may be divided into triangular prifms, 
which are half of parlopips. on double the bafe, 
and thefe, pips, are as their heights, when the bafe 
is the fame; or as the bafes, when the height is the 
iatae. (Cor. 2. 12). 

Cor. 2. All prifms are to one another in the compli-' 
cute ratio of their bafes and heights. 

Cor. 
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FIG^ Cor. 3. Bodies of equal furfaces may he very dif- . 
• •'74' ferent infolidity^ And e^ualfolids may have Jurf aces 

haJHy different. , v - 

Cot. 4, In equal prifms, the bafes and heights^ are 
reciprocally proportional^ and the contrary. ■ 

rROP, XV. 

Thefolidity ofanyprifm is equal to the produSl of 
- the bafe and height. 

For a prifm is equal to a right-angled paral- 
. lelopip. of the fame bafe and height ; and that is 
equal to the produd of its bafe and height ; or 
(which is the fame) it is equal to the folid fpace 
contained under the planes of the upright paral- 
leloprpedon (Def. $)• 

PROP. xvi. 

176. Equiangular parallfilopipedons AB, CD, are in the 
complicate ra^o of their hpmohgous Jides, FG, GI, 
GB, <?ai6E, EH, ED. 

Let FP, OK be, -^ upon the bafes IB, HD. 
Then by reafon of the equal angles at G and E, 
the triangles GFP, EOK will i?e fimilar ; and FP : ' 
OK": : FG : pE (13. II). The parallelograms 
IB and HD being equiangular at G and E, are to .' 
one another as IG x GB, to HE x ED ( \ o. III). 
The parlepip. AB : CD : : bafe IB xFP :.bafe 
HD X OK ""(Cor. 2. li) : : IG x GB x FP : HE 
, X ED X OK : : GJ x GB x GF ; HE x ED x 
EO (7. Froportion). 

PROP. XVII. 

Pyramids upn the fame bafe^ and of equal altitudes ^ 
^^^' are equal'. ACF^HCF. 

Draw 
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D.raw the plane AH, through the tops of the '^ ' ®* 
pyramids, which will be parallel to CF. Alfo ^77» 
through any points of the pyramids, draw the 
plane BE, alfo parallel to CF; then By fimilar 
triangles, CF : BD : : AC : AB(i3.II) : : HC : 
HL Ji2. 11) : : CF : LE (13. II); therefore BD 
= LE. And by the fame reafoning, BO = LI, 
wd DO = EI. Whence the fedion BOD = LIE 
(8. II). Therefore if another plane NP be drawn 
very near, and parallel to BE, .the fegments of the 
pyramids, ND, PL, comprehended between thefe 
planes, will be equal (14). And therefore if never 
\o many Tuch planes be drawn, the parts inter- 
cepted will always be equal. Therefore the fum 
of all the parts of one pyramid, will be equal to 
the fum of all the parts of the other;, or the py- 
ramid ACGF = pyramid HCGF (Ax. 2). 

Cor. \* If a pyramid is cut by a plane parallel to - 
the bafCj the feBion will be fimilar to the bafe. 

For by fimilar triangles, it is AC : AB : ; CG : 
BO : : GF : OD : : CF t BD. 

Cor. %. If a cone be cut by a plane parallel, to t^e 
hafe ; thefe3ion will be a circle'. 

For a cone may be confidered as a pyramid of an 
i'nfiniie number of fides. 

PROP. XVJII. . 

Every prifm is three times the pyramid of the fame 
bafe and height. 

* • 

Let AFC be a triangplar prifna, draw AC, CF, j -g. 
FD, the diagonals erf the three pafallelograins. 
The triangle ACB = ACD (i. Ill); therefore 
pyramid ACBF = ACDF, their vertexes being in . - ^ 
F (17); likewife triangle DFA = DFE (i. Ill), 
and pyramid DFAC = DFEC, their vertexes be- 

in^ ^ 
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F 1 G. ing in C ( t;). But ACDF and DFAC are one atid 

1 78* the fame pyramid. Therefore the three pyramids, 

that make tip the prifm, are equal to ov\t another, 

ACBF = ACDF = DFEC ; and each of them is 

i the prifm. 

And fince any polygonal prifm may be refolved 
into triangular ones; and the pyramid, upon the 
(ame bafe, into triangular pyramids. Then all 
the triangular prifms will be triple to all the tri- 
angular pyramids; and confequently the whole . 
prifm triple to the -whole pyramid. 

Cor. I. Pyramids of the fame height y are td one 
/tnofhev as their bafeSn 

For prifms, which are triple of them, are in 
that ratio (Cor. i. 14). Whence, 

Con 2 . Pyramids of thejame or equal bafes are as 
the heights. 

Gor. 3. Pyramids are to one another in the com* 
plicate ratio of their bafes and heights. 

Cor. 4. Pyramids of equal bajes and heights are 
fqiial. 

Cor. 5. In equal pyramids the bafes and heights are 
reciprocally proportional; and the contrary* 
For prifms are in that ratio (14. and Cor.)* 

PROP. XIX. 

\ 

Cylinders of equal bafes and heights are equal. 

. For cylinders are nothing but prifms,- whpfe 
bafes are polygons of an infinite number of fides. 
And thefe prilms are equal (i4). 

Cor. I . Cylinders of equal bafes are as the heights. 

Cor. 2. Cylinders of equal heights are as the bcfes*. 

Cor. 
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. Cor. 3. Cylinders are to one. another^ in the cbrnpli^ FIG 
cate ratio of their bafes and heights. 178* 

I • , 

Cpr. 4. In equal cylinders^ the bafes and heights are , 
reciprocally, proportional: and the contrary. 

All this follows from Prop, 13,14, and Corol. 

PROP. XX. 

- Every cone is the third part 0/ a cylinder of the fame 
hafe and" height . . 

For cones and cylinders may be confid^red as 
pyramids, and prifms, whofe bafes are regular 
polygons of an infinite number of fides. And con- 
fequently 'the cone == ^ the cylinder (18). 

Cor. I . Cones of equal bafes y are as their heights^ 

Cor, 2. Cones of equal altitudes^ are as the bafes.' 

Cor.v3. Cones are to one another in the complicate 
ratio of the bafes and heights. 

Cor. 4. In equal cones ^ the bafes and heights are 
reciprocally proportional. 

AH thele things appear by Prop. 13 and 14, . 
and 19. For the cylinders are in, that ratio, and 
the cone is j- the cylinder. 

PROP. XXI. 

4 

I 

Thefrufium of a pyramid or coneBG, is equal to lyji 
.the third part of a paralklopipedon^ of the fame 
height y and its bafe ^qual to the fitm of the bafes of 
the fruftum BOD + EFG, together with a mean. - 
proportional betiueen thefe bafes. 

Draw EB, GD to meet in A, the top of the 
whole folid, and let ACP be -L to the bafe. Draw 
the diameters BD, £G; then the two bafes BOD, . . 

I EFG 
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^^^' EEG will be fimilar (Cor. i, 2. 17), Whenee 
'79' laafeBOD : bafe EFG : : BD» : EG* (ao. III). 

rr^x err bafe BOD bafe EFG 

. Therefore luppofe — g^— = ^-cJ5»— = », or 



EG= 



bafe BOD i= « x BD% and bafe EFG = » >c EG ' . 
By fimilar triangles, EG : feD :,: (AE : AB : :) 
AP : AC (13. in. and EG-BD : BD : y CP : 

BD X CP 

AC = vQ^jo p • Then the whole pyramid or cone 
= bafe EFG x fAP (18, 20) =-^— x 

r^ — T7^ _ « X EG* ^^ , n X EG^ BD x CP 
CP+AC ^-xCP+— ^-xgg-gg 

//xEG3xCP-»xEG»xBDxCP+«xEC*xBDxCP 



-"f- 



3xEG~BD 



= 3-T^-S- And the top part ABR = 



this 



3 x EG - BD • 
i^r .u. u 1 1 . «x CP . EG3-BD^ 

t;iken trom th^ whole, leaves -^-- — x 



EG -BD 



CP 



for the- fruftum = — x 77 x EG* -h « x EG x BD 

. ^n X B D% becaufe.EG* 4- EG xBD+BD* x 

:EG-BD = EG^-BD^ (Cor. i. 8. I), and/^x 
EG* = bafe EFG, n x BD» = bafe^BOD, and 
n X EG X BD is a mean between them. (Cor. 2. 
12. Proportion). 

Cor. Ifn = *EG^' ^'^^P^M^ ■ — 1~ ^ 

iG3-BD» •■ 



EG - JJD' 



PROP. XXII. 



186. In fimilar foUds, AD, PS, //&f hofwlogous fides are 
i^u proportimah AB : AF : : P<^: PV. ^ 

TThroogh 



\ • 
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- Through the diagonals AC, FG, GD, and PR, F I G. 
VI, IS, let planes lie. drawn to divide thefolids. 180.. 
into pyramids. Then fince thefe • pyramids are J^8i. 
fimllar (Dcf. 12), and their planes fimilar figures 
(Def. 11); therefore if ABC, PQR, and ACG, ' ~ 
PRI, and AGF, PIV, feff. be fimilar planes ,be=. 
longing to the fimilar pyramids ; it will be AB :■ 
PCL(: z AC : PR : :" AG : PI) : : AE : PV. Alf» ' 
AF : PV : : (FG : VI : :) FE : VT, ^c. 

Cor. The like planes orfurfdceSy which inchfejimi' ' 
tnilarjolidsy ure proportional. 

For fince AB : PQ^: : AF : PVj AB» : PQ; , 
c : AF* : PV» (Cor. 3. 18. Proportion) j that is, 
ABCG : PQRI : : AGEF : PITV (20. ill). 

. PROP. XXIII. 

Similar triangular pyramids ABCD, FQRS are 182, , 
as the cubei of their homologous Jidis, AB' and PQ^. 1 83, 

Suppofe CE, BF drawn parallel to AD, and 
fe-T, QV, If to PS : and the planes DFE, SVT, ' 
II to ABC» and PQR; and fo the priftns AF, - 
and PVj compleated. - 

Then fince the pyramid ABCD = -f prifm, AF; 
and pyramid PQRS = ^ prifm .PV ; therefore py- ■ 
ramid ABCD : pyramid PQRS : : prifm AF : 
prifm PV (5. Proportion) : : AB x AC x AD i 
PQ^xPRxPS (i6). 

Bwt "AB : PQ^: : AB : PO,. 

AB : PQ^: ; AC:PR^(2^), 
AB : PQ^: : AD : PS (22). 
Tlierefore AB': PQ^: : ABx AC x AD: PQjc 
PR X PS (-1 8. Proportion), : : pyramid ABCD i ' 
pyramid PQRS. 

Cox. Any Jimilar pyramids \are as the cube^ of the 
hotnologoiis [fides* . ' 

Iz ' Fgr 
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FIG* -For they may be divided into fimilir tr!angti!ai» 

182. pyramids, all which are in tha,t proportion, and 

183. their ^ms in the fame proportion (iq. Propor- 
tion).' " ' 

i PROP. XXIV. 

180. All Jimilar folids, AD, PS, are to one another ^ . 

181. as the (ubes of their homologous fides ^ AB, and P(^. 

Le,t the planes AC, PQ^, and FG,,VI, and 
GD, IS, i^c. divide the bodies into fimilar py- 
ramids. Then fince AB : PC^: : AG : PI : : 
EG : TI, feff. (22). Therefore 

AB3 : PQ^ : : pyr. ABC : pyr.' PQR (23), 
and AB' : PQ^ : : AG' : PI» : : pyr. AGC : 

pyr. PIR : : pyr. AGF : pyr. PI V. 
and AB' : PQi : : EG' :.TI' : : pyr. FGE : 
pyr. VIT : : pyr. , EGD : pyr. TIS, i^c. 

Therefore 
AB' :' ?Ql : : pyr. ABC + AGC + AGF + 
FGE + EGD, £5r<r. : pyr. PQR + PIR + PIV 
+ YIT + T1S, &c. : : (olid AD : folid PS. 

* t 

Cor. If four lines A, B, C, D l^e in continual 
proportion ; , then as the firji A to the fourth D ; fo 
any folid dejcribed on the fir ft k^ to a fimilar onc^ 
on the fecond B* ' • 

For A :-D : : A' : B* (23. Proportion) ; : 
folid ujpon A : folid upon B (24)« 

PROP, XXV. / 

484. If four lines he proportional^ AB : CD : : GH 
: LM; fimilar folidSy alike defcribed^ upon two .and 
two J jhall alfo he proportional \ ABE : CDF : : 
GJHK:;: LMN. 

And if four figures he proportional^ and two and 
two firnilar ; their homologous fides fhall be propor* 

' iionalt ^ 
.'.•;. For 
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For fince AB :.iCD : : GH : LM (hyp.)i 
therefore AB^ ': .CD' : : GH» : LM? (Cor.3.1 8. 

Propdrtion), 
whence - ABE : CDE.: : GHKj LMN (24). 

jigaiitf if the fplids be fimilar, 
ABE ; CDF : : GHK : LMN (hyp.), 
AB3 : CD3 : : GHs : LMs {24), 
AB :CD ::GH : LM,(Cor.3.i8. 

' Proportion). 

PROP. XXVI. 

• Ndne oth^r hut three forts of regular plane figures, . 
joined together y can make ajolid angle-, andthefe are, 
39 A9 0^ 5 triangles, 3 fquares,^and ^ pentagons: 

And therefore there tan only be five regular bodies, 
the pyramidp cube, o£iaedron^ dodecaedron, and ica-^ 
faedron. . ^ 

Three plane , angles at kaft, are required to 
make a fblid angle/ One angle of th6 trinngie =r|. 
of a right angle (,2. II), therefore, 3 of them put 
together make two riglit angles. Alfo ^4 of them 
make 2f right angles. And 5 Jjiake 3^ ri^t 
angles ; all which are lefs than 4 right angles. 
But 6 of thchi make 4 right angles, and therefoi^e 
cannot make a folid angl^ ( 1 7. V). 

Again, one angle of the fquare is a right angle, 
gind 3 of them make 3 right angles. But 4 make 
4 ijight angles, and therefore can, make no folid 
angle (17. V). ' 

Alfo one angle of the pentagon is i-f- jright 
angle (17. III). And 3 angles make 34-. But 4 ^ ' 
of th^m make 4-f , which exceeds 4 right angles. 

Latftly, one angle of the hexagon is ^ of a right 
angle, therefore 3 angles make 4 right angles ; 
brut no folid angle. And the angle of an hept4gon^ 
oftagon, &c. be'ing greater ; 3 of tliem will ex- 
ceed 4' right angles ; and confequently, there can 

. 1 3 ' be 
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^85. 
j86. 

187. 

188. 

189, 



F ^&» be no more than 3 triangles, i fquare, and 1 peri- 
1 84* tagon, to fconftitute a folid angle. - 

Hence there can only be 5 regular bodies, to 
anfwer the 5 combinations of triangles, fquares, 
and pentagons. Three faces of the triangle make 
^ the pyramid ; 4 make the oSiaedron ; and 5 make 
the icojihedron ; alfo' 6 faces of the fquare make 
the cube; iand 12 feces of the pentagon, make 
; > the dodecaedron. • V- 

Scholium. 

In order to get a clear idea of the five regular 
bpdies, you may cut out all their faces in pafte"* 
board, as reprefented in the figures, and fold 
them up, fo that the creafes may be in the black 
lines; and their. edges bei.ng put clofe together, 
you'll have the figure of thele bodies. Fig. 185 
is the pyramid^ 186 tlie cube, 187 theoftaedron, 
ii88 the dodecaedron, and 189 the icofihedron*, 

/ PROP, xxvti. 

No Other b tit only one (ort^ of the five regulc^ bo^ ^ 
dieSy joined at their angles ^ ca>i completely fill a Jolid 
Jpace ; and * that is eight cubes. 

• - To demonftrate this, we muft obferve that 
among other properties, this is abfolutcly necelTafy,. 
that the inclination of two adjoining planes in the 
body, be fuch; that being taken a certain num- 

*ber of times, they will completely make up four 
right angles. For when the bodies are put toge- . 
ther, thefacds of every two adjoining bodies muft 

^ coincide ; and oile edge or fide of all the bodies ' 
mufl: coincide with the fide of .the firft ; which 
will be as an axis, round which thefe bodies are 
placed ; and therefore they muft completely fill 
up the fpac'e quit# .roimd, whi^ is fdur^right 

. ^ angles. 
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angles, ^nd theaftgle of each (chat is, the In- FlGf, 
clination of two adjoining planes), muft be a cer* 
tain pan ^ four light angles. Therefore what we 
have to do, is to compute the inclination of tlieir 
planes,^ and alfo to enquire what inclinfarlon i» .' 
requifite in the feveral bodies, to havd this effeft. 

I. To begin with pyramids. It is plain, the 
bafc of thofolid, being an equilateral triangle^ 
the aligle>ttt any point is |^ of a right angle ; buc 
the inclination of the planes is greater ; for it i^ 
contained by two perpendiculats let fall on, the * i 

common fedion of two planes, whirh pferpendi-* 
culars are lefs than the lide§ of the triangle (Cor. 
4«2i«'II); and '(landing on the lame bafe, muft* , 
contain a greater angle (Cor. 2, 5. II). To find 196. ' 
the inclination of the planes ; let CPH, CP A, and 
CDH be three , of the equilateral triangles con* 
ftituting a pyramid. Draw AG^ Dl -L to CP, 
CH. Let the plane CHP be fixt, whilfl: the ,' 
planes CAP, CDH, are raifcd up, (moving about 
the fixt lines CP, CH,) till the points A and D 
meet fomewhere. It is plain a p'erpendicular dropt; 
from A'(eievated on high)^ upon -the plane CPH, 
will always be fomewhere. in the line AG. And a 
like perpendicular from D will be fontcwhere in the 
Ime DL Therefore when A and D meet, the perp» 
will be at the inicifectlrn O, in th? middle of the ' 
triangle ;: and GO --=.]GH (Cor. 'ji. 11) ~-|GA. ' 
Therefoje, if you make the lep^rate rigbt-angk-d 
triangle GAD, fo that the hjp. G A may be trci:)le 
the bafe GO, the ^ KGO -i^ the an^le of the ■ .' 
pyrai;iid,-{that is, of its planes CAP, CHP), which 
was required. Now if EG be J-- to GK, .alfo if ' 
GBR be anequikteral tiiaiigle, then the bafc GF,' > . 
will be half the hypothenuic G^ (Cor. 3. 3. II), 
and -^BGK = -f a right angle (2. 11). Then, its 
plain, 4 times ^AGK will be left than 4 right an* 
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FIG. glcs, bccaufe 4 tiirics EGK ma;ke but 4* right an* 

190. gles ; therefore more than 4 times AGK is required 

to compleac 4 right angles^ Likewife, fince 6 times 

BGK makp 4 right angles, 6 times AGK will be 

too much ; and of confequence vve muft either 

have 5 times AGK, to make 4 right angles or 

134. nothing. Then to find whether that will anfwer 

exadly or not; draw the diagonal ECpf the pen- 

; tagon, and OLD -^ to it; tlien 5 times the angle 

EOL = 4 right angles. But DL = i^^R 

(Cor. 3. 44. IV), and OL = R - R x ^^^ =: 

190. ' ^""' X R. But GO (fig. 190) == j. the hypo- 

134. ^ / a/C-I 

thenufe AG or R, and ^ is greater than ^ — , 

that is, GO is greater than OL, and confequently 
the angle AGO is leffer than EOL, which it thould 
, Be equal to ; therefore 5 times AGO falls fbort of 
4 right angles ; whence it is clear that no com- 
bination of regular pyramids can completely fill 
all fpace. 

a. And it is clear that 4 cubes fet together will 
' make up 4 right angles, each cube conraining 
one. And therefore 8 cubes, joined ^t their an- 
gular ppints, will quite fill all fpace on all fides. 
loi'. 3* Next for the oftaedron. As half the oftae- 
^ dron ABE ftands. on a fquare.bafe BCED, the an- 
. gles at tl\e bafe, as BCE, are right, and then 4 of 
thefe would be 4 right ones; but the inclination 
of the . planes ACB, ACE, is greater than right 
aogles (for the fame reafon as in the pyramid), 
bfeing made by a plane -L to their common fedioii 
AC ; therefore 4 of thefe angles will be too much, 
and confequently 3 or none of thefe angles of In- 
clination mufl be equal to 4 right angles ;br^ which 
is the fame thing, 6 halfs of the ^ of inclination muft 
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be =4 right angles. Now to try this, draw AG -'■to FIG* 
BC, and AO J- to the bafeBE,alfo draw GO, Then « 9«» 

s/J (Cor. 39. II), and bafe GOs 

AB , 
V3 : 



. hyp. AG = 



2 

AG 



-^Si 



JBD = 4AB. Therefore AG : GO : 

: : ^^3 : I : : 3 : ^^3 : : I : ^^ : : AG : 

AG ' ^ "■ 

then GO = -^^/3. And as 4 AGO ;= half the 

«ngle of inclination, 6 of 'thefe muft naake up 4 
right angles. And therefore ^ AGO niuft be =s 
-^BDE (fig. 131), if his i'ucceed. For 6 of thefc 
make iip 4 rig* t angles. But in this cafe, DF=^ 

JDB, whence if DB (fig. 131) = AG (fig. 191),^ 

* DB 
then GO= \/3. But 1V3 ^s grjfater than J 

(as is eafily known by fquaring them) ; that is, 
GO is greater than DF, and confequently ^AGO 
isMefs than BDF. Therefore 6 of thefe, or 3 
wholi angles of inclination, fall (hort of 4 right 
angles. So thefe bodies cannot entirely fill aU 
fpace. 

4. Next comes the dodecaedron* As the angle 
of inchnation of the planes of this body exceeds a 
right angle ; therefore 4 foch angles will exceed 4 
right angles ; therefore only three of thefe bodies 
can be laid together; in wiich cafe the angle of 
inclination muft be juft ix right angle. For 3 x i^ 
c= 4. If the ^ be lefs, the third body will leave 
i vacuity ; if greatei", it cannot come in. Let 
BPC, PCH, DCH, be 3 pentagons joining upon 
one another. Draw AG, DI -L tp PC, HC, con* 
tinued. Then let the plane PCH, be fixt, wMlft 
ABP, DEH, are raifed up, and moved round the 
lines PC, HC, till the points A, D, meet. It is 
evident a perpend, dropt from A upon the plane 
PCH, will always fall oa the line AG. And a hke 

. N . perpen4. 
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FIG. pcfpenfl. from D, will fall upon DI. And wheo 

192. A and D meet, it will fall on the interfedion O. 

Jjtt R ftand for a right angle. -Then fince CE \% 

II to HN (Cor. 2: 43. IV), ^ECH+CHN = 

' iR (Cor. 2. 4. I) ==ECH +PCH, therefore PCE 
is a rigKt line (i. I). For Ithe fame reafon BCH 
IS a right line. Since ^ DCH = 4R (17. Ill), 
Ek:E=iR, DCP=-|-R, take away ACP=iR, then 
ACD=fR. In'the ifofceles triangle ACD, COF 
bifefks the ^C and bafe AD (Cor. 3. 3- II), and 
^ ACF = iR = DCF, and CDA = 4R ; and 
^ince CDE = 4R, therefore CDA + CDE^-zR, 
i|nd EDA is a flraight line (i. I). In the right- 
angled triangle ACF, ^ ACF or ACO=|R; 
and in the right-angled triatigle ACG, fince ACE 
= ACD + DCE = ACG = ^R, CAG = ^R = 
ACO, orCAO = AC0, and AO = OC (Cor. i* 
3. II), Therefore OG is lefs than OC or OA (5. 
II), and OG is lels than, half of AG. Make a- 
right-angle triangle feparately, as AGO, where the 
hypothenufe is AG, and bafeOG, of a^due lengtn, 
and AGR is one of the angles of the dodecaedron. 
Where the ucAGZ or G AO ought to be f R, that 
3 dodecaedrons laid together .may fill up 4 right 

' angles. Now to fee how this agrees, we find 
(in fig. 128), that EF= ^DE, or DF = 4DB 
(Cor. 3. 41.^ IV), ^ and ^ ABF or BAC = ^R = 

- BDF (Cor/i. 12.'IV), and^ confequently DBF = 
^R (Cor. 2, 2. II). Therefore if you make the 
bafe GQ^= i- the hypothenufe GM, then the 
z. GMQjor MGZ is =iR. Therefore, fince GO 
is lefs than -JGA, the ^ AGZ is lefs than -f R, and 
MGR lefs than 1 f R, to which it ffiould have been' 
equal ; and confequently 3 times MGR falls fliort 
of 4 right angles : therefore the dodecaedrons 
cannot fill a folid fpace. 

This might he other wife folved, 'by fuppofing 

one 
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one of its foKd angles to ftahd upon an equilatc- FIG* 
ral traingle, whofe fide is the diagonal of the pen- 
tagon. , 

' 5. Laftly, the icofaedron has 5 triangles ftand- 193. 
ing upon a pentagonal bafe^BCDE." Draw the 
di^onal AC of the pei^tagon, and BQ^the dia-c' 
meter of the circunrifcribing circle. And' let the 
plane AFC be drawn at right angles to BO, the 
comixicn feftion of the two faces of the folid ABO^ 
CBO. Draw FP, which will be -L to AC. Then we 
arb to find the quantity of the -^AFC, theinclina- 
tion of the plarves, or rather, of its half AFP. Call 
■i BQ, jthe radius of the circle, R ; then AP * ^Cor.2. 

44. IV) = it^RR. AiroAB^ = RRxl^:^ ' 

(44. IV;, and AF^ = ^AB^ (Cor. 39* i;i) =* ^ 

3RRxi=^. Therefore AF^ : AP*_: : jRRx 

izv^ ._ liViRR : : 15 _ 3V5 : 5 + V5/ 



8 



And AF» ; AF* - AP* or FP* ; ; 3 x S^v^B 
.^ 50+ rev's -^ oys-^ (Cor. i. 8. I) ; : 

^ ^ 25 — 5=20 V ./ 

30—10^^5 ' 3 - a/ 5 ' ' 3'—'^ 5 

• — — — — . • ^ • - « • A • - y • • . 

:?o -^ J z 6 

I : .12732 : : AF* : .t2732AF\ And by ex- 
trafting the, root, it is AF : FP : j AF : .3568 
X AF = FP. Now if three icofaedrons laid to- 
gether can fill up the whole fpace,'then three times 
the angle AFC, or fix times the ^ AFP, muft 
make four right angles ; and in that cafe AFP 
muft be I: of a right angle. ..But. (fig. 12.8J the 
fide DF muft be half the hypothenufe DB, when 
the ^ between them BDF is -|^ of a right angle 
(Cor. 3. 4i. IV) : for -^BDF=BAC in the egui- 

lateral 
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FIG. lateral triangle BAC (Cor. i. 12. IV) =|. of a 
193 •■ right angle (2. II). But here the fide FP is Jefs 
than hal? AF or .5 x AF; tlierefore the ^FAP 
' ^ will be lefs, a^d AFP greater than it fhould be ; 
that is, AFP is more than x pf a right angle; and 
6^ times AFP,, more thaji 4 right angles; and 
therefore 3 icofihedrons capnot find room. 

. Thus I havfe demonftrated from pure geometri- 
cal panciples, that no combination of regular bo- 
dies of the, fame fo,rt (except ciibes), can ade* 
quately fill up all the fpace round about. The 
calculations of all thefe cafes are extremely eafy, 
by working with the rules of» trigonometry ; l?ut 
^hat wa3 not my bufinef? her^. 
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BOOK VII. 

Of the fphere, and its infcribed and 
circumfcribed bodies. 
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DEFINITIONS. 

,1. A Sphere or globe, is a folid made by a (emi- p lO, 
-^^* circle ABD, moving round about its dia- 154, 
meter AD, which remains fixt ; and is called thp 
axis of the fphefe; and the point A, the vertex. 

2. The center of the fphere is the center C of 
the femicircle ABD. 

3^ The radius of thfc fphere;, is a line drawn from 
the center to the furface of the fphere. ... 

Cor. All the radii of a fphere are equal to one . . 
another. 

4. The diametei oi a fphere, is a right line 
drawn from one fide to the orfier, through the 
center. 

5. A-/^i3(?rof a fphere, CFDG, is a part of the i^t^ 
fphere made by the circular feftor FCD, moving 
round the radius QO. 

6; Segment of a*fphere, is a part of a fphere, as 
FIGD, cut off by a plane FIG. If a plane pais 
through the center, that fegment is a hemifphere. ^ 

7. A zone, as a part of a fphere intercepted* be- 
tween two parallel planes. 

8. The middle zone, is the part between two 
parallel planes which ajre equally diftant from th« 
center. 

9. A 



FIG, 

^95' 



y 



'^g6. 
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9* A foUd is faid to be infcribed \vi a fphere, or 
a fphere circumfcribed about a folid; when all the 
angles of the folid touch the furface of the fphere. 

10^ A fphdre i^ faid to be infcribed in a felid, or 
a folid circnmjcribed about a fphere; when the fphere 
toiKhes all the planes of the folid. 

PROP. I. 

Jf a fphere he cut by a plane FOG ; thefeSlion wilt 
T?e'a circle* 

I^et the two planes CFDG and COD be ^ to 
the cutting plane FOG ; then the common fedtion , 
CI is -L to the plaae FOG ( 1 5. V). Draw the 
line FIG. Then in the triangles CFI, COI, 
CGI, the fides *CF,. CO, CG are equal (Cor, 
Dcf. 3), and CI common, and the angles at I 
Tight; therefore IF = XO = IG (9. II). There- 
fore FDG is a circle whofe center is I (Cor. Def* 

PROP. n. 

If a fphere ABDI touch a plane HGL, a right 
line CD, drarwn from the center to a point of conta^ 
D,is perpendicular to the faid plane. 

Let the planes ADB, ADF, cut t^ie touching 
plane in the lines DH, DG. Then fince'HD, 
GD, touch the circles BD, FD, (whofe center is 
C), in D, therefore CD is"J. to HD, GD (Cor. 
2, 10. IV) ; and therefore CD is -A- to the plane 
HGL (4. V). 

PROP. III. 

"The furface of a fphere is equal to the curve furface. 
of its circumfcribing cylinder* 

Let BAP be a hemifphere, ai\d BHOP a cylin- 
der on tjie fame bafe, BTP^ and* of the fame alti- 

• tyde* 
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tude. Take IL, an extremely fmall part of the FIG, 
quadrant BLA, and through L and I, fuppbfe two '9^* 
planes MLE-VQ^, and NIFSR to be drawn -t to 
AC. Through L and 1 draw the line ILD, and 
through S and V the line S VG. Then becaufe IL 
and VS are extremely fmall; the right lines and 
arches LI, VS nearly coincide. And if the figure 
DISG be turned about the radius AC, it will ; 
generate the fruftum of a cone ; and the ftnall 
parts of Its furface ILVS will coincide with ^ the 
portion of the fphcricaj furface, and be equal there- 
to (Ax. 8). But the furface of the fruftum ILVS 
is = IL X half the fum of the circumferences , 

whofc diameters are LV and IS (6. VI),, that is = 
IL X circumference of LV or IS, they being nearly \ 
e^ual. Let C = circumference wHofe radius is 
3C, and c = circumference whofe radius is LEor ' 
IF, then the furface ILVS = f xIL, apd the 
cylindric furface NMQR ^^ C x MN (4. VI). . 
But the triangles ILJC, and LCE are fimilar; for , 
/.ILC (Cor. 2. 10. IV) = KLE - a right anglej. 
take away KLC^ then ^ILK = CLE; alfo ^IKIj 
= LEC = a right angle. Therefore LC or' 
BC : LE : : LI : LK (13. II). But C : ^ : : BC 
orME : LE(Cor. 9,1V) : : LI : LK or. MN. 
Whence C x MN = r. x IL (12. Proportion); 
that is, the cylindric furface NMQR = fpherical 
furface^ILVS, ' Therefore if more parallel planes, 
" as MLVQ^, be drawn, exceeding n$ar to one ano- 
ther, the fipall parts of the cylindric furface will 
be equal to the correfpondent parti of the fpherical 
furface, and therefore the fum of all the parts of 
the cylindric furface, equal to the furface of all the - 
parts of the fpherical furface (Ax* 2); that is,, the 
lurfa.ce of the hemilphere is equal to the furface of 
the cylinder BO, and the furface of the whole 
fphere =: furface of its circumfcribing cylinder. 

r Cor. 
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^^^* Cor. !• If th^Jphere and its circumfcribing eylin^ 
^5®* der be cut by two plants parallel to the baje^ the inter^ 

cepted parts of the* furf aces of thefphere and cylinder, 

will be equal* 

For fiii^face MR=furface LS, and aU the MR 
= alltheLS. ' . 

Cor. 2# the fur face ofjhe hemlfphere BAP, is 
double the bafe KT?. 

For the furface of the cylinder = C x AC 

> ; CxBC 

(4» y I) ; ^nd the area of the bafe = ' — — , or 

^(34. IV). 

' Cor. 3. The furface of the whole fphere is equal t^ 
four great circles ofthefarrie fphere ; or to the reS- 
angle of the circumference ana diameter. 

Cor. ^. The areas of fph^ical furf aces cut off by 
parallel plane Sy are, as the fegments ef the diameter ^ 
perpendicular thereto. 

For thefe, areas are equal to the correfponding 
cylindrical fur faces, which are as the heights (Con 
3* 4- VI). . 

Cor. 5. The furface of any figment of the fame 
fphere^ is as the height of the figment • 

Cor. 6. The furface of the fphere is \ the ivhole 
furface of the circumfcribing cylinder. ■ 

For the two bdfes of the cylinder are equal to^ 
half its curve furface (Gpr.' 3}. 

' * ' ' ■' ■ . ' ' " ■ 

PROP. lY. 

' ' I 

199. • Xhe furface of the figment "RhXi, of a fphere; is 
200v, ^qual to the area of a circle y whofi radius is the cord 
AQ, drawn from the vertex to the bafe. 

Let 



« 
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Let C ;=; circumference of the radius AB, and FIG. 
ABED — circumference of the. fphere. Then i9.9» 
fince the circumferences are as the radii (Cor. 2,00. 

9- IV> let -^c"" "= "AB^" '^^' ^^ ABED = n\x 
AC, and C=VxAB. then the furface BAD ' 
= AF >^ ABED (Cor. i. Ill) = AF x k x AC 

» X AF x,AE n X AB* 



AB x C 



(Cor. 17. IV) = 



= area of a circle whofe radius is AB 



(34. IV). , - '■ 

Cor. The furface of the ivhole fphere j is equal to ^ 
the area of a circle y zvhdfe radius is the diameter AE. 

• PROP. V. 

The furface of a fphere is double the curve Juff ate 2QU 
' of the infcribed fquare (or equilateral) cylinder EB. ' 

Draw the diameter ECB, then ED = DB. And 
fince EB^ =ED^ +DB* (21. II) = zED* ; there- 
fore circle EB = 2 circles ED (22. ill). But furface 
of the fphere = 4 circles EB (Cor, 3. Ill) =8 
circles ED. And ^ED : AE or ED : ; circle ED 
: curve furface 'AD (Cor. li. 4. VI)'>:4 circles 
J^D. ' But 8 circles ED = twice 4 circles ED, or ^ 
the furface of the fphere = twice* the curve furface 
of the, cylinder. 

Cor* T. The whole Jt^rf ace of the infcribed cylinder 
is \ the furface of the fphere. , ^ 

For the two bafes AB, ED=^ circles ED, and 
the whole furface AD = 6 circles ED. 

-Cor. 2. The curve furface of a cylinder^ circum- 
fcribing the fphere ^ is double the curve furface of the 
infcribed equilateral one. Arid the ivhote furface, is ^ 
double to the whole furface^ 



K 
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fit}; For the furface ,of the fphcrc == furface of 
io I . the circumfcribing cylinder { 3 )• And the furface 

of the fphcre = twice the furface of the infcribed 

one (5). 

Agam^ the furface of the fphere .= f the whole 

furface of the circumfcribing cylinder (Cor., 6. %\. 

And /the furface of the fphwe is = ^ the whole 

furfece of the infcribed cylinder (Cor. 1). 

PROP. VI. 

ao2 . 7he furface of any fegment of a fphere ABDC : is 
to the curve furface of its infcribed cone ABC : : 
as the fide of the cone AB : to the ^radius of the 
hafe AO. 

For if ^ X AB = circumference of the radius. 
AB^ and n x AO = circumference of the radius 

AO (Cor. 9. IV), then the circle AB = t^l^ 

(34. iV), and conic furfacfe ABC = ^^^^^^ 

{Cor. i.*5. VI). And the furface of the fegment 

ABDC = circle AB (4) : therefore furface of the 

' ^ AB«x« 
" . fegmeilt AB£)C : conic furface ABC : : -: : 

: : AB : AO (5. Proportion)* 

Cor. 1 • T^he furface of a hemifpherey is to the 
, pirve furface of its infcribed cone^ as the diagonal of a 
ftfuare to the fide. 

For then AO, BO become radii of the fphere, 
and AB the diagonal. 

Cor. 2. If ABC be an equilateral cone^ then the 
furface of the fegment ABDC // /if;/V^ the curve fur^ 
face of the cone AQC. ' 

IPor then AB = AG = 2 AO. 

PROP. 



s. 



Book VlL of, GEOMHtrLY* i ji 

PROP. VII. ^^^• 

* Z03* 

Let the cone DAE he right-angled at'h. "Then 
the Jurface of the hemifphere BGE, is to the curve 
furface of the right-ang/ed cir-cumfcribing cone DAE, 
as the fide of ajqtiareAJy, is to the diagonal DE. 

Draw AC from the vertex of the cone A, to . 
the center C; and CF || to AE; or-i-to AD. Then 
•AF = Ft> = FC = BC, and CD^ = CF^+FD» 
. =•• 2BC * (a I . II). And the circle whofe radius W 
CD = twice the circle whofe radius is CB (Cor. 2. 
35* JV) = furface of the hemifphere BGE .(Cor* , 
2. 3). Therefore the furface of the hemifphere, 
or tlie circle whofe radius is CD : futface of the 
cone DAE : : CD : AD (Con 3. 5. VI) : : AD' 
2 DE (20. II). 

Cor. Tthe furface of a right-angled cpne circum- 
fcribing a hemifphere^ is double the furface of one in- , 
fcribed; taking either the curve furfaces^ or the 
ivhole furfaces^ 

For s/z X furface of the inferibed cone = furface 

of the hemifphere (Cor. i< 6) = — r- 5C furface of 

the circumfcribing cone (7). Therefore the latter 
.i* = twice the former. And the bafe of the latter 
is likewife = twice the bafe of the former (by the 
demonftration of this Prop.), therefore the whole 
is double to the whole. 

PROP. VIII. 

Tihe furface of the fphere^ is to the curve furface 
of an equilateral inferibed cone BAD, as i to $, 

. For fmce EF == 4AF (Cor. 3, 41. IV), there- 
fore, furface BFD = i, and furface BAGD = i, 
thejfurface of tlie fphere (Cor. 4. 3), = 2 curve 

£.2 * furfaCes 
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'^^'^' furfaces of the cone. BAD (Cor. 2. 6; or the 
^.aP4' furface of the* cone = i- tlie furface of the fphere. 

Cor. The whole furface of an equilateral cone 
BAD,' infcribed in a Jphere^ is tV of the fphere^ s 
Jurfacc^ 

For 3BC* = BD^ (4f. IV) = 4BE*, and BE» 
= iBC% whence circle BD = ^ circle BDG 
(35. IV) = tV the furface of the fphere (Cor. 3, 
3); add this to the curve furface of the cone; 
then the whole forface of the cone ^ -|- + -iV ^^c 
fphere's furface = -r^^ the furface of the fphere. 

PROP. IX. 

^05. Th^ curve furf&ce of an ^equilateral cone ABD, // 
to the furface of its infcribedfphere, as ^ to 2. 

Draw AE, CF -i- to BD, BA ; then by fimilar 
triangles AEB, AFC ; AE* : EB* : : AF* : FCS 
But AE*=iAB^ (39. II) =3AF^' Therefore 
3AF^ (AEO : AF^ : : EB* : FC* (4. Proportion) 
: : circle BD : circle FEG. But BE : BA or 
2BE : : circle BD : curve furface of the cone BAD 
(Cor. 3. 5. VI) =i circles BD; and circle FEG 
' , =i furface of the fphere (Cor. 3. 3;. -Whence 
3:1:: 3AF^ : AF* :.: \- furface of the cone : 
i furface of the fphere. Therefore the furface of 
the fphere = -f- the curve furface of the cone. 

Cor. I. The furface of the fphere is ^ the whole 

furface of the cirCumfcribing equilateral cone. 

. For the bafes BD = \ curve furface of the cone 

- = \ furface of the fphere. Add this to the curve 

furface, which is = |- furface of the fphere; then 

the whole furface of the cone = | + \ the fur- 

vface of the fphere =f the furface of the fphere, 

or % the whole furface of the cone = the furface 

of the fphere. , -< 

Cor. 
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Cor. 2. 7%f curve fur face of an equtlato^al cone FIG. 
'infcribed in a fphere is = 4- the curve furf ace of the ^^5- ' 
circumfcrihing equilateral me* And the whole fur-' 
face of one = -f- the whole furf ace of the other. 

For x the furface of the inlcribed cone = furfacd 
of the fphere (8) = | furface of the circumfcribed 
cone (9). Therefore the furface of the infcrib^d = 
\ the furface of the circumfcribed one, - 

Alfo ^ the whole furface of the circumfcrihing 
one = furface of the fphere (Cor. i . 9.) = ^^ the 
whole furface of the^infcribed cone (Cor. 8 ). There* 
fore the furface of tha infcribed cone = \ the 
furface jof th^ circumfcribed cone. 

Cor. 3. T!he fur faces of a cylinder and equil(iteral 
cone J both circumfcribed about a fphere^ are as z to^; 
both their curve furf aces and whole furf aces* 

For f the curve furface of the cone = fur- 
face of the fphere (9) = furface of the cylin- 
der (3). Surface of the cylinder : furface of the 
cone : : 2 : 3. 



Alfo ^ the whole furface of the cone = furface 
of the fphere (Cor. i. 9) = x the whole furface 
of the cylinder (Cor. 6. 3). Therefore, whole 
Surface of the. cylinder : whole furface of the conp 

2:3. 
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Scholium. 

From the foregoing propofitlons are deduced, 
the proportion ot the fphere's furface, to the fur- 
faces of the infcribed and circumfcribed equilateral 
cylinder and cone, as follows : 

K 3 . Surface 



i '• 
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FIG. 



r-Jf ELEMENTS 

Surface of the fphere •— — — 1 6 

Infcribed cylinder's curve furface — 8 

r " ' ' ' ' " ■ ■ whole furface — iz 



Circumfcribedcylinder'scurvc furface i6 ^ 
1 ' " , — L— — — whole furface — . 24 

Infcribed cone's curve furface > ., 1 ■ 6 
• ■ ^ ' ■ '■ whole furface — 9 

Circumfcribing cone's Curve furface 24 
' ■■ ■ . ' whole furface -^ 36* 

PROP. X. 

206. A fphere is equal to a cone tvhofe height is the 
radius AC, and bafi, the furface of the fphere AEF. 

Take three points in the furface of the fphere, 
as A, B, D, extremely near together, forming 
the fmall triangle ABD> on the furface of the 
fpbere. Let a plane pafs thr6ugh thcfe three 
points A, B, D; the fmall portion of which ABD 
wiU coincide with a portion of the fpherical lurface 
ABD, extremely near. And the radiv:s CA will 
be -L thereto (2). Therefore the portion of the 
fphere CABD is nothing but the pyramid whofe 
bafe is ABD, a fmall part of the fphere's furface, 
, and height the radius CA. In like manner the 
whole fphere may be divided into fmall pyramids, 
fuch as CABD, whofe bafe is a fmall portion of 
the fpheri/al furface ; and. common altitude the 
radius CA. ' Therefore the* fum of all thele pyra- 
mfids CABD, make up the fphete ; and the fUni 
of all the bafes ABD, make up the fpherical fur- 
face. That is, the fphere is equal to the fupi of 
fill thcfe pyramids, whofc bafes are all the parts of 
the furface of the fphere, and common altitude 
the radius CA; and that is equal to one pyramid 
or cone, whofe bafe is the furface of the fphere^ 
and height the radios (Ax. 2). 

. - CQr. 



^ 
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\ 3. Ahemifphere is double its htfcribed cone. 
" a hemifphere = a cone whofe bafe is a grp 
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Con I. Ajphere is equal to a cone^ tuhoje height it FI6» 
the radius, and bafe equal to four great circles of the ?o6. 
fpbere. ' ^ 

For the furface of the fphere is equal to four 
' great circles (Cor. 3. 3). 

"Cor. 2. A fphere is equal to a cone whofe height is 
twice the diameter^ and kafcy a great circle of the 
fphere. ' ^ - 

By Con 4. 20. VL 

Cor 
V For a hemilphere = a cone whole Dale is a grpat 
circle,-and height equal to thedis^metef (Cor, z); 
4nd that is double to a cone of the iatne bafe, ^xi^ 
'half the height (Cor. i. 20. Vl). ' 

PROP. XI. 

Any, fphefe^Pi^Kyis^itSjcircumJcribing cylinder i ;to7» 
PM. , 

L^t AC be the axis of the \ hemifphere BAN'. 
From the center C, draw the diagonal CD; and 
draw PL 4- to AC, and OH parallel to it, and 
exceeding near it. Then if the figure ADBC re- 
volve round the axis AC ; then ADBC will generate 
the cylinder BDGN ; the quadrant B VA, ,the hemi- 
fphere BAN ; and ADC, the cone ADCG.' Then 
VC* =VL-+LC»(2L.II);thatrs, PL* =VL» 
+ KL* (for DA = AC, and ICL =^ LC (13. II). 
Therefore the circle defcribed byLP = the two circles 
defcribed by LV and LK (Cor. 2. 35, IV). Take 
away the circle defcribed by LV, from both, and 
there remains thi^ annulus or ring defcribed by 
VP = circle defcribed by LK. For the fame reafbn 
the annulus defcribed by OI =* circle defcribed by 
FH. Therefore the fmall prifmatic folid contained 
between PN and OI, quite round the figure = cone 
fruftum contained between KL and FH, round the 

K 4 figure 
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F I Gt figure (12* VI). In like manner every part of the 
^07. figure BD^VB = correfpondent part of DACG. 
Therefore the total fum of the firft = total fum of 
the laft, that is, the folid BDAGNAVB = cone 
DCG (Ax. 2) = i the cylinder DBNG (20. VI). 
Therefore the remaining .part, or the hemifphere 
BAN ^ the remaining \ of the* cylinder BDGN. ' ' 
Whence the double thereof, ,or the whole fphero 
- ABRN = ^ of the whole cylinder, EG* 

Otherwije. 

The cone "vvhofe bafe is BN, and height CA, 
/ ' or the cone DCG = half the hemifphere BAN 
(Con 3. 10). And the fame cone DCG == ^ the 
cylinder BDGN, (20. VI). Therefore -J- hemi- 
fphere = -f cylinder, and the hemifphere = |^ cylin- 
der BG. Whence the whole fphere = ^ the cylin- 
der EG. 

Cor. !• Tke concave /olid BFADBEK &?r. = i 
ihefpkere BANR. 

to8# Cor. 2. A right cone\ fphere^ and cylinder^ all of the 
fame diameter and height^ are as i,2.j ^y refpe£iively ; 
ABD : AHGI : EBDF : : x : 2 : 3. 

PROP. XII. 

2o6« The ft5lor of afphere CGAH, is equal to a cone 
ruhofe height is the radius 'y and Bafe y thejurfaceofthe 
feaorGAH. 

This is demonftrated as Prop. X. -For if the 
* . feftot be divided into amultitudeof extremely fmall 

fedorsCABD, the bafe of each will be a fmall por- 
tion of the fpherical furface ABD. And as all the 
pyramids make np the fedor, and are the elements 
thereof; fo all the bafes are the elements of the fur- 
face G AH, and make it up. And as the heights of 
all the pyramids is the fame, theyareall equal to one 

pyra- 
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pyramid 6f the fame height, and bafe the fum of all ^ \ ^. 
the bafes (Cor. i. ig. VI). That k, the fector *°^ 
CGAH = a pyramid or cone whofe height is th^ 

radius, and bafe the furface G AH. 

» ^ « 

Cor I. The feSior of afphere^ CGAH = a cpne 20^ . ^ 
tuhdfe height is the radius AC ; and bafe a circle, whofe - 
radius is x\G. Jnd thefeElor CGBH = a cone whofe 
radius is CB> and bafe a circle whofe radius is BG. 

For the furface GAH = a circle whofe radius is 
AG (4); a^id the furfdce GBH = a circle whofe ' ^ 
radius is BG (ibidj). ' '^ 

Cor. z. Se^ors offpheres, are to one another ^ in: 
the complicate ratio of , their furf aces and radii. ^ 

For the cones, equal thereto, are as the bafes and 
heights (Cor. 3. iq. VI)» 

rROP. x-ni. 

If it be model as BD : B/^ : : radius CA : CF ; aio. 
then the -cone GFH is equal to tbej'egment of tht 
Sphere y GAH.. 

Draw CO, BG and FCB; then CA : CF : : BD 
: BA(hyp.) : : BD- : EG* (Cor. 1.20. II): : GD« 
;GA*{2o.II) : : circle GD (or circle whofe radius 
is GD) : circle GA (35. IV). Therefore the cone . 
whofe height is CF, and bafe the circle GD = cone 
whofe height is CA,^and bafe the circleGA (Cor. 4. ■ 
20. VI) = feaorC^A^ (Cor. i. XII). Subtraft, 
or add the cone GCH, on the fame bafe GH, and . 
then the cone GFH = fegment GAH. 

Cor. I. //^BD : DA : : radius CA : AF. Then 
the cone GFH = ferment GAH. 

For fince BD : BA : : CA : CF, therefore BD 
: BA— BD : : CA : CF— CA(i<2. Proportion); 
that is, BD : DA : : CA : AF. , ' 

Cor. 2. The fr^ment GAH, is totheirforibedcotie 
GAH; as FD to AD. Cor. 
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FIG. Cor. 3. the feg mnt G AH -.fegment GBH : : 
»»0' GC + DB X AD* : GO+AD x DB». 

For the height of the cone, «qual to the fegment 
GAH, that is, DF = ^xDA+DA (Cor. i) 

s= — gg — X DA. And in like manner, the 
height of the cone equal to the fegment GBH, is 

GC+DA 

.-g^xDB. And thcfc cones are as the alti. 
tvdcs (Cor. 1 . 20. VI) ; that is, as — gg — x 

PA, apdS^^x DB, or as OC + PA x 
PA» : GC+DA xDB». 

PROP. XIV, 

ft 10, the fegment tfafphere GAH, is equal to a cone^ 
■ 'ivbofe height is AD, the height of the fegment -y and 
hafe, -i toe bafe of the fegment GH, together with 4 4 
(ircle whofe radius is the height of the fegment AD. 

' Let © AG denote the circle whofe radius is AG, 
and fo of the reft. Then fegment GAH = feftor 
CGAH+cone G€H (fig. i, 2)=^ AC x eAG":^ 
■fCD X © QD (C or. 1 . 1 2) ; an d 3 fegmcntsGAH =' 

AC X eAG + AD + AC x ®GD = AC x 

e AG - ©GD + AD X ©GD s= AQ X e AD + 
ADx©GD(Cor.a. 3/;. IV). 

But AP : AB : : AD* : AG» (Cor. i. 20. II) 
:-: AD» : AD* +DG* : : © AD ; ©AD-i-eDG 

(Cor. a. 35. IV), therefore AD x ©AD+eDG 
= AB X qAD = 2 AC X ©AD, and AD x 

3 ©PG + © AD = 2AC X A D + zAD x ©QD, 

And AD X i-iQbD + -i©AD= AC x ©AP + 

AP X © GD == 3 fegments ,GAH, 

Corol- 
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Corollary, t he ferment GAH = f Ap X FIG. 



FROP. XV. 

Tiefrufium or middle zont ofajphere ZGHF,- « 
equal to a sane whoje height is the height of the zone 
CD '^ and hajey two great circles XF, together "wltb 
the lejfer bafe GH. 

For the zone ZH = hemifphere ZAF — the 
feaor CpAH+the cone GCH = AC x feZG 
(11) ^AC X 4.eAG(eor. 1. i2)+CDxf®GD 
(20. VI) « AD X i-^ZC+DC X f ®ZC w AC 
X ^e AG + CD x^eGD. Brt AD.: AC : ; AG* 
:AZ*<i8.IV)::AG*':2AC^ (21,11) :: ©AG: 
a eZC (35. IV). 1 herefore AD x 2 ©ZC «. AC 
X ©AG. And AD x ^©ZC = AC x ^©AG. 
Therefore che zone ZH ^ DC_xj-©ZC + DG 

x^j.0GP = fDC X r©^C+ ©GD, 

Cor. The zone TjH is equal to -f DC X twice the circle 
^? + the circle GH. 

PROP, XVI. 

t 

An orb er holhw fphere is equal to ihefruflum of a 
^ncj whofe greater bafe is the furface of the greater 
fphere \ and leffir bafcj the fiirface of the leffer: and 
height^ the difference of the Kadii. 

For the orb is equal to the difference of the two 
fpheres ; that is, to the difference of two cones 
whofe heiglits are the radii of the fphefes, and bafes 
the furfaces (io)» 
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FIG. 
212. 

213. ThefurfacesoffpheresGU^ IK, are ai the Jquara 
' of the diameters y AB, DF. 

For the furface of the fphere GH = 4 ctrf les 
AGBH, and the furface of the fphere IK ;= 4 circles 
IDKF (Cor. 3. III). But 4 circles AGBH : 4 
circles DIFK : .-circle AGBH : circle DlFK(Cor. 
I. 5. Proportion) : : AB» : DF» (35. IV). 

PROP. XVIII. 

Spheres GH, IK, are to one another y (is the cubes 
of their diameter s^ AB, DF. 

* For thefphere GH = I- the cylinder, whofe bafe 
is AGBH, and height AB. And the fphere IK=f 
thecylinder,whofebafeisDIFK,and heightDF(i i ). 
Therefore fphere GH : fphere IK: :f AGBH xAB 
:iDIFK xDF (Cor. 3. 19. VI) : : AGBH x AB 
: DIFK X DF (5. Proportion) : : AB* ^ AB:DF» 
xPF (35. IV. and 7. Proportion) : : AB* : DF', 

• PROP. XIX. 

£ 1 4^' Similar folids infer ibed infpheres G H , IK, are as the . 
215. cubes of the diameters of the fpheresA^ : DF. 

/ From any two equal and correfpondent angles A, 

D, draw the diameters AB, DF. Then fincethe 
folids are infcribed after a Cmilar manner in refpeft 
of the diameters AB, DF, It will be AG : DI : : 
AB : DF {19. III). But folid AE : folid DL : : 
AG 3 : DP Ch. VI) : >. AB^ : DF^ (Cor- 3. i8. 
Proportion). 

Cor. I. Similar folids infer ibed in fphere s^ are as 
thefpheres. 
"^ For fpheres are alfo as the cubes of their diameters 

(18), 

Cor, 
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Cor. 2. The futf aces of fimilar fdids infcribed in , FlG. 
fphereSy are as the fquares of the diameters' of the 2i4« 
fpheresj ' , . . 215* 

For furface^ of AE : furface of DL : : AG* : ' 
01^(7. VI) : : AB* : DF^ 

C[or. 3. The Jurfaces of fimilar folids infcrib^d in 
fpheres, are as the fur faces of the fpberes. 

For they are both as the fquares of the diame- 
ters (17). . -, ' , 

PROP. XX. 

A fphere is to any circumfcribin^^ folid BF, (all a 16* 
V)hofe planes touch the fphere) ; as the furface of the 
fphere J to the furface of the folid. 

Since all the planes touch the fphere, the radius' 
drawn to all tlie points of contadt, will be-Lto each 
plane (2). Therefore if planes be drawn through 
the center C of the fphere, and through all the fides 
of the body ; then the body will be divided into 
^pyramids, BCAE, BCAD, isc. whofe bafes ^re the 
planes BAE, BAD, i^c. and their common altitude 
CP, the radius of the fphere. And the fum of all 
tliefe pyramids, or the whole foLid, is equal to a 
pyramid or cbne, whofe bafe is the fum of all the 
plane figures, and height the radius CP (Cor. i. 
18. and Cor. 2. 20*. VI). But the fphere is alfo 
equal to a cone or pyramid whoie bafe is the^fur- 
face of the fphere, and height the fame radius CP 
(-id).' And this laft cOne : former cone : : bafe of 
the latter : bafe of the former (Cor. 2. 20. VI.) ; : 
that is, the fphere : circumfcribing folid : : fur- 
face of the fphere : fuj-face of the folid. 

Cor. I. All circumfcribing cylinder Sy cones ^ &c. 
are tp the fphere y as their ftr faces are* 

. , ' For 
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F ro. iPor any cylinder^ or cone* may be coticeived to 
zi6. be made up of an infinite number of fmall planeSg 
' all of which touch the fphere. 

Cor. 2. jlll bodies circutnfiribing the fame fphere^ 
are to one. another as their fur/aces. 

Cor. 3. The fphere is the gr}iateft dr mofi capacious 
of all bodies of equal fur face. 

For if the planes be fuppofed to touch the Iphere, 
their areas will be greater thap the furface of the 
fphete, which is contrary to the hy^pothefis; there- 
fore the planes muft fall within the fphere; and then 
the perpendicular upon them will be (horter than 
the radius, and therefore the body will be lcf& than 
the fpherci as having the fame bafe, andalefs 
height. 

PROP. XXL 

\ 

m 

210* Any fegment of a fphere QAH, is to its infcribed 
xone, /ijBC-fBp to BD. 

AD 

For if AF = -gg- >: AC, thfcn the fegment GAH 
= 'cone GFH (Cor. !• 13). Therefore FD = 

AT) 

-K^ X AC + AD. And this cone GFH : cone 

GAH : ; DF : DA (Cor. t. 4o. VI) : : ^ 

X AD + AD : AD : : ^^^^ x AD : AD : : 
AC 4- BD : BD (5. Proportion). 

Cor. I. A hem'tfphere is double the infcribed cone^ 

For then BD * AC or BC. 

Cor. %, The fegment containing an equilatertl cone, 
is equal to 3 times the cone. 

For then BD « JBC (Cor. 3. 41. IV). 

PJIOP. 



# 
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PROP. xxn. yj^^ 

If the cone DAE circumjcribing a hemifphere he 203. 
right-angled at A; that cone DAE is to the infer ibed , 
hetm^here^ as ^2 /(? 1. 

For let e ftahd for circle, then fuppofing thev 
lame conftruftion as in Prop. VII, then we have 
CD»=2BC% and CD = BCv/2 = DPyi, and 
CD : DF J : -/z : 1 (Cor, j. 12. Proportion); alfo 
pCD = ieCB, and AC = CD. Thex:one DAE 
= ® CD X f AC (20 VI) = 2 © CB xf CD. Alfo 
the hemifphere = i®CB x GC (i i) = 2dCB x 

Therefore the cone : hemirphere : : 2eCB 



3 
X j-CD : 2eCB x fBC : : CD : CB or DF : : 

Cor. A right-angled conf, circumfcribing a Itemi- 
fphercj is to the infcribed cone, as ivirto i. 

For the circumfcribed cone : hemifphere : :»/2 
: I : : tVz : 2 (22). • 

And hemifphere : infcribed cone : : 2 : i (Cor. 
I. 21). 

Therefore circumf. cone : inf. cone : : 2^/2 : i 
(15. Proportion). 

•pROP. XXIII. 

Afphere is to its infcribed equilateral cylinder AD, '201. 
as 4^/2 /o 3. * 

Draw the diameter BE, then BE* — DE» + DB» 
(21. II) =2DES and circle AEDB=a circles BD 
(35. IV) ; alfo BE = DEv/2 = BD^/i. Now 
The fphere=iAEDB x BE( 1 1 ) =|^AEDB x BDv'2, 
the cy4ind. = circle EDxBD = iAEDBxBD. 
Then fphere : cylinder : : f AEDB x BDv'2 r 
iAEDBxBD : : W^ : i : : 4^2 : 3. 

' Cor. 
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FIG. Cor^yHth^ circumfcribed equilateral cylinder y is to 
20 1, th^ infcribtd equilateral cylinder ^ as il\/z to i. 

For T thfe circumfcr. cylinder = fphere ( 1 1 ) =; 

'' ^^ xflie infer, cylinder^ Therefore the circumG 

cylinder =^\/ 2 X infer, cylinder. 

: PROP. XXIV. 



204. 



205, 



■ Tkejpher^f is to the infcribed equilateral cone: BAD, 
as %z^ to^ 9. - 

Let ©BE denote the circle whofe radius is 
-&% i^c. then BD^ or 4BE^ =3BC* (41. IV), 
and BE^ rr^^BCS and ©BE = ^eBC (Cor. i. 
35. IV). Alfo AE = iAC (Cor. 3. 41- I^)- 
Then the fphere = f © BC x 2 AC ( 1 1 ). And.cone 
= ©BE X ^AE (20. VI) = i©BC X 4- X 4AC. 
.Therdbre, fphere : cone : : f ©BCX2AC! : i©BC 

x,4At: : : -^ : i : : 32 : 9. \ 



f 



PROP. XXV. 



A fphere is to its circumfcribed equilateral cofie 
ABD, as ^ to (). 

The conftruaion of Prop. IX. remaining ; let 

' eFG denote the circle whofe radius is FC, i£c,. 

ThenEB* = sFG^j and eBE==;3©FC (35.IV), 

and CF or CE=iC A (Cor. 31.11), and AE=3CF. 

'■ ' The fplifere = f© CF x 2CF (i i ). 

The cone = ©BEx^AE (20. VI) ==! 3©FC 

X FC. ; , 

Therefore fphere : cone ; : f © CF x 2CF : 3 © CF 

xCF-: : -J- : 3 : : 4 : 9. 

Con I . The circumfcribed equilateral cone is eight 
'times the infcribed equilateral cone^ 

For the circumfcr. cone : fphexe : : 9 : 4. 

And fphere : infer, cone : : 3^ • 9 '(^4)- 

Therefore circumfcrl, cone : infer, cone ; : 32 : 
4 "(i5rProportion) : : 8 : i. Cor. 
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Cot;. ^. The circumfcribed cylinder is x theclrcutn* p l g« 
fcribed equilateral cone. - ' . 205. ^ 

Forf the c/linder = {phttt (11) =1^ the cone ; 
:lnd the cylindet = f the cone. 

Cor. 3. The fphere EF is to the circumfcribing 2 17. 
^ right cylinder 'RCy and this ^cylinder to the circum^^ 
fcribing equilateral cone ADG, as 2 /<? 3; bQth in 
refpcEl of their whole furf aces and folidities. 

This appears from Cor. 6. 3. and Cor. 3. 9. and 
Prop. II. and Cor. 2. 25. 

Cor, 4. 7'i&^ circumfcribing right cylinder, and 
equilateral cone^ are to one another as 2 to 3 ; both ' 
in regard to their curve fujrf aces ^ their whole furf aces, 
folidities J ^tafeSy and height Sm 

As to the furfaces it appears by Cor. 3. 9; and 
the folidities, by Coh 3. of this. ' As to the bafes, 
fmce 0BE'=3eFC (fig. 205), or 0FC=4.©BE, 
thereifore 2 0FC = -|^eBE, or the two bafes of the 
cylinder = f the bafe of the cone. , ^ 

And for the height, AE = 3CF, or 2CF = fAE^ : ' 

that is, the height of the cylinder =|- the height 
•f the cone. 

Scholium. 

From the foregoing propofitions, is eafily de- 
duced the proportion which the fphere has to the 
infcribed and circumfcribed equilateral cylinders ^ ^ 
and cones, as follows : 

Solidity of the fphere ' 3^ 

^_u ' infcribed cone 9 , 

■' infcribed cylinder 12^/2 

" • I . " ■ circumfcribed cylinder 48 
■ circumfcribed cone 72. 
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I 

pj^^ PROP. XXVI. 

2 1 8 . the fquard of the fide ef a regular pyramid in- - 
fcribed in afpherct " r ^he Jquare of the diameter : 

~AE»=|-EFS 

^ ' For drawing ECF->-to the bafc ABt), 3AO = 
■ AB» (4f. IV) = AE* = AC* + CE* (2i.II)i • 
and 2AC» =CE% or 4CE^ = AO = EC x CF 
( 1 7. IV), therefore CF = ICE, and EF = iCE, 
or CE = fEF, and AC* = 4CE» = -l^EF*. 
Therefore AE* = AC* + CE* (21. II) =^EF» 
" + iEF* = |EF» == |EF*. 

Cor. I . The height of the pyramid is y the diame- 
ter ofthejphere, EC = -fEF, 

r 

Cor. 2. The diameter ofthefphere : diameter of the 
' . circle comprehending the "baje of pyramid : : tf j 3 : V'S. 

For AC* = 4EFS and 4AC* = 4EF*. 

Cor. 3. The area ofthebafe ADB = EF*' x ±li. 

« 

AB* 

For the area ADB = -, — ^/g (39. II). And 
AB* or AE*=tEF*. Therefore ADB=iEFV3. 
Cox. ^.' The radius of the infer ibedfphere =\^¥. 
For it is = EC - lEF = 4EF. , 

>■ 

PROP, xxvir. , . 

218. ' The folidity of a regular pyramid infcribed in a 
fphere is ^-tS.^^'/j,. 

For the folidity =f EC x bafe ABD ( 1 8. VI) = 
- |EF X ABD (Cor. i. 26,) = |EF x iEFVs 

(Cor. 3. a6) =^?-xEF'. 

PROP. 
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PROP. XXVIIJ. 

The fquare of the diameter of a fphere^ is thrice the 219. 
" fquare of the fide of its- infer ibed cube: FA * = 3 FD * . 

Through the oppofite fides AG, DF, fuppofe 
the plane FDAG to be drawn ; and through two 
oppofite angles A, F, draw the diameter of the 
fphere AF. Then DA^ = DB^ rf BA* = 2DB* = 
2D¥^ {11. !!)• AlfoFA^=FD^+DA^=FD» 
+ 2FD^ = 3FD^ (ibid.). ' 

*Cor. I. Thefideofthecubel>Fr=^^Vh*/^.\ . 

» ■ - - " • 

Cor. 2 • The diameter of the fphere AF, is toth^ 
diameter DA of the circle comprehending one face of 
the cube I as 1 to-W6. 

For FA = FD X ^/g, and DA = FDv*z ; aud 
FDrv/3 : FD^/2 : : I : v^f, or i : l'</6. 

Cor. 3. The area of one face of the cube DBAI is 
€gualto -fFA*. ' , • - 

. Cor, 4. Thefum of the fquares of the fidjes of the 
infcriBed pyramid and cube^ is equal to the fquare of 
the diameter. , ■ 

For the former is f, and the latter j-, of the 
fquare of the diameter (26 and 28).. 

" # ^ 

Cor. 5. The diameter of the circle containing one, 
face of the cube DA, is equal to the fide of the pyramid* 

For' DA^ = 2DF* = iFA^ (28) = fquare of 
the fide of the pyramid (\2. 6). 

Cor. 6. The radius of the infcribed fphere is i the' ' 

fide FD. . 

V 

L 2 PROP, 
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,,^ PROP. XXIX. 

FIG« 

a 1 9. TbefoUdiiy of a cube infcribed in afphercj is -^^ 

multiplied into the cube of the diameter tfthefphere : 

For DF = FAv^^, and DF^ = FA^ xWi = 
FA3 X Wi (28). 

Cor. The infcribed cube is thrice the infcribeJ 

pyramid. 

PROP. XXX. 

a20. The fquare of the diameter of afphere is doable to 
thefquare of the fide of an infcribed regular oSlaedron 
ABFDEG : AG* = zAB^ 

Through two oppofitc angles A, G, draw the 
diameter AG ; then the angle ABG is right (14. 
4) ; therefore AG*= AB^+ BG*=2AB* (21. II). 

Cor. i. The fquare of the diameter of a circle 
' comprehending a triangle of the oSaedrony is -|- the 
fquare of the diameter of the fphere. 

For AB* = thrice the fquare of the radius 
(41. IV) = I- the fquare of the diameter, and 
AB* = 4 AG* (30) ; therefore the diameter fquare 
= fAG*. 

Cor, 2. The diameter of a circle containing the 
triangle of the oStaedron, is equal to the fide of the 
pyramid. 

Cor. 3. The fame circle comprehends both thefquare 
of the cubcy and the triangle of an oilaedron^ infcribed 
in the fame fphere% 

For 
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For the former diameter is -J-'/<6, and the latter FIG. 

1 . • ■ 

Cor. 4. J'he area of one of the faces of the dSIaedroH, ' 
as ABE, is ■—= multiplied into the fquare of the 

dimieter &f the fphere \ =-^x AG*. 

AB* 
For. the triangle ABE = ^— \/3 (39^ 11) 

•8 
Cor. 5. ^he radius of the infcrihed circle is -f AB v 6, 

For it is the perpen. from C upon ABE, fup- ' 
pofe it =- P, P == diameter of the circle encom- 
paffing ABG. Then PP = ^AG*-iDDj and 
4PP = AG* — D* = AG* — 1AG» (Cor. i.'3o) 
= ^AG* = |^AB% and 2P = ABv^f =; f AB^/6, 
andP=iAB/6, 

PROP. XXXI. 

7^e folidity of an oStaedron BD, irjfcribed in a 
fphere^ is i the cube of the diameter ofthefphere AG. 

For the b6dy confifts of two pyramids BEDFA 
?md BEDFG, ftandihg on the fquare bale BEDF. 



ZlOi 



< > 



Therefore the folidity ^ DE* x i AC + f CG =,; 

IBD^ X ^=iAG^ 

3 

Cor. Afphere^ is to the infcrihed oSiaedron; as the\ 
circumference ofthefphere^ to its diameter. 

For t;he fphere is = f the circle ABGD x AG 
( } I ) == i-AG X circumference ABGD x ^aG 
(3 4, IVl Therefore fphere : oftaedroii : : ABGD 
^ iAG* : iAG^ : : ABGD : AG. 

L3 PROP, 
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FIG. PROP. XXXII. 

221. ^be Jquare df the diameter of afphere, is to the 
fquare of the fide of ^ its injcribed regular dodecaedron 
DA; as 6 to ^ — ^^5 ; or as ^ + 3v^5, to 2. 

Let A be a folid angle of the dodecaedron ; 
AG, AI, A L, three pentagons forming the ^ A. 
Draw the Diagonals, BD, BF, DF. And on the 
plane BDF let fall the perp*. AC, and draw DC. 
ThenDF^ = 3 DO (41. IV), and DO = -fDFS 
and CA^ =» DA^ — DC* (Cor. 1. 21. II) - DA* 

— it)F» =. DA*— ^DA* X ^ii^jCCor 3.43. 
IV) = 3r^DA% therefore CA = y ^ DA, 

But -^— i diameter of. the fphere (Cor. 
17. IV), or the diameter = "^* "^ ^^ . = 

-;====- x DA = Sj arid diameter fquare, SS = 
'^^.y and DA* =2^SS = -^%^, 

t * 

, , t * 

Cor. I. Jhefquare of the diameter of the fphere y 
is to the fquare of the diameter of the circle conr 
taining one face, of the dodecaedron AL s as 1^ to 
10 — 2v'5. 

Let S = diameter.of the fphere, R = radius of 
the circle circumfcribingtlie pentagon, then AD* 

^ ilViss (32)j ahd RR = ^^ (44. IV) 
' ■ = _i._ x' t^SS = i-SS X i^^ 

* 

15 + 
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'5 + W%'- W% - i = «SS X '"^ "^^/i ^ FIG. 

S-— i-isS, and the fquare of the diameter of that 
circle or. 4 RR = ^'^ ""^^S gg^ 

Cor. 2. The area of one pentagon 0/ the dode^ae.* 

dron, is equal to iVV^ ' " multiplied by the fquare 

of the diameter of the fphere, . i 

For let O be the center of the circle circum- 
fcribing the pentagon AI; and OP -L to FI. 

; Then OP* = li^xRR (Cor. i. 44. IV) = 

^ ^ "t ^^ X ^ ^ ^% S; and the area FQl = 

8 30 

4^0P X FI = — a/ ^ o ' X " -=^ X '^ ■ ■ ^ 

= — ^\ X in^ 1 and fince there are c fuch 
triangles in the pentagon, the pentagon ^ — S S v^ — 

30 12 10 

Cor. 3 » 7%^ ^^^ of the cube is equal to the diagonal 
DF, of the pcniagon of a dodScaedron infcribed in thi 
famejpbere. • 

ForDA* =-^^^SS(32),andDF=i±^DA • 
(Cor. 3. 43. IV); and DF* = l±-i^DA» ' 

a - ii 6 

9-=-5sS = — ^-SS = \ SS. But the fquare of 

ax6 axb^ ^ 

the fide of the infcribed cube is alfo = 3-SS (28), 

L 4 Therefore 



.♦ 
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F I G. Therefore the di^onal in the pentagon = fide 
^*** of the cube, 

PROP. XXXIII. 

The cube of the diameter of afphere^ is to tbejbli^ 
dity of the infer ibed regular dodecaedron; as i t$ 

30 

Let S = diameter of the fpherc, R = radius of 
the crrcle encompaffing the pentagon, P = per- 
pendicular from the center of the fphere upon the 

pentagon, then RR = ^ ^ ^ ^ SS (Con i. 32), 

Then PP = jSS -* RR^Cor. i. 21. II) = 

' li.Jl4<L+ JvlSss \^ ^-4^^SS, and P - 
60 60 ' . 

S\/ (^ 9 and the area of the pentagon =* 

-ASS\/^-^^ (Cor, 2. 32). Therefore the py- 
laiuid whofe bafe is the peiuagon, and vertex at 

* C "4- 2a/ C 

the center of the fphere, is = ^S' x-AV^ ^ ■■ 

;x s^;f-5(.8. VI) . Asv "-^"-^^-;^' ^ 

- ASViiii^ - ^rSW'-^[: but- 

there are 12 fuch pyramids in the body, therefore 
the dodecaedron = ^S V^i^ ^iS^V^l^. 

Cor. The radius of the fphere. infer ibed in the 

dodecaedron, is DAy^^-^ Liri- DA bein^ tki 

fide of the dodecaedron. 



For 



as 
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For that radius is = P = S/ ' ^' -^^ 

40 



»53 

FIG. 



PROP. XXXIV, 

The fquare of the diameter of a fphere, is to the , 222^ 
fquare of the fide of its infcribed regular icojihedron j 
ifs 10 to ^-^ 1/5 ; or^as ^i-s/s to 2if 

Let BDEFG be the pentagonal bafe of ihe folid 
^ angle A, made by 5 triangks of the icofiedron ; 
let AC be per p. to it, and draw DC» ThenDC^ , 

= 7^,^^' (44.IV) = ^AD^=AD^x.. 
_i_ X S±i^ ^ i2±iv^AD- = i±^ AD% 
And AD = AD^ - DC^ (Cor. i. 2f.II) = AD» 
^_S+AA_^p, ^ _5zVi_ADs and AC = 



ADV" 



10 



>0 



AD* 
AC 



ADv' 



But the diameter of the fohere 
= ADv*^ — rr, and the 



5-Vi 



S-v^S' 



10 



10 



fquare of the diameter = AD* x — = SS , 

2SS 



»nd AD» = i::^SS - 



JO 



i+Vs 



Cor, I . The diameter of the fphere, is, to the 
diameter jof the circle comprehending five fides of the. 
icofiedron ; as V'5 to 2. 

For if S =^iameter of the fphere, then SS =? 



AD^ 



10 



S-Vi 



, and DC»= AD^ x 



s-^s' 



and 
4DC, 
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JJ2.* 4DC» = AD* X j^j-i therefore SS : 4DC* : j 
10 : 8 : : 5 : 4. And S : aDC : : 1/ $ : 2. 

Cor. 2. J'hefquare of the diameter ofthefpher^^ is 
to the fquare of the diameter of the circle containing 
one triangle *of the ^cofedron; as i^ to 10 — 2^/5'. 

For let R =^ radius of the circle circumfcribing 
the triangle ADB; then AD^ = 3RR (41. IV), 

and AD- = i=:^SS (34) ^ therefore i^l^ SS 

= 3RR, and i:p^ X SS = RR, and.i^^SS 
«4RR. 

Cor. 3. The fame cirde comprehends both the pen- 
tagon of a dodecaedron^ and the triangle of an icojie^ 
dron^ infcribedinthefamefphere. 

Cor. 4, The area of a triangle ADB of the icofie^ 
drony is equal to ^^^ — ^— ^ x fquare of the dia- 
meter of the fphere* 

Forthearea = \^3 (39. II) = — , x W ^ 

, (34) =^ SS X ill^v/3 = SS X sA^! 



40 



PROP. XXX. 

^ - 77;?^ cuhe of the diameter of a Jphere, is to the 
folidity of the infcribed regular icojthedron ; as t to 

« 

Let P = the perpendicular from the center of 
the fphere, upon the triangle ADB of the icofie^ 
dron. R = radius of the circle encompaffing the 

triangle. Then RR = i^^SS (Cor. i. 34), 



30 



Then 
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Then PP ='iSS -J^R = ^SS - ^^Z^SS =^1®- 
^^ X SS, and P = Sv/^^. And area of 

the triangle ADB = ^^^^$ x SS (Cor. 4; 34). 

Therefore the pyramid • whofe bafe is ADB, 'and 
vertex at the center of the fphere is = f P x ADB 

(i8. yi) = 



•^SVs^, S-VS .. c./S+VS 



S3 



40 00 



ingby v^3) = ^ ^ ^^^ 
fquaring5--/5)=-^ x 






v 



S3 



V 



3x40 

so 4 - io\/^ _ S^ 

20 "" 



30— xoy^j X ^"^^vj? 



V 



s + ^/s 



20 



And 



,3 X 40 . 20 3 X 40 

2D fuch pyramids,, or the icofiedron = ~\/?"^>^V 

6 a 

Cor. The radius of the fphere infer ibed in the tcofi" 
hedron, is li\^''^±l£i^ DA bemg the fide jof the 
icofiedron* . _ 



For that radius is = P = Sy/^ '^ ^^ = 

' , * 60 

DAv/5-:!^ X i-±^« (34) = DAv/^^y^S 

'7 + 3\/5 



laO 



= DAv^ 



H 



Scholium* 

A fphere may be infcnbed or circumfcribed to 
any regular body, or to any triangular pyramid. 
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BOOK VIII, 

Pra£itical Geometry, or the conftruc- 
. tioij of geometrical jM-oblems. 
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DEFINITION. 

p J G. - A Problem is faid to be conJlruSled geometrically^ 
Jt\i when it is done by the help only of a ftraight 
yuler, and a pair of compaflcs, 

PROB. 1, 

To draw a Jlraight line from one point A, to 

*^^* another ^y ^P^^ ^ P^^^* 

Set one foot of the compaflfes in the point A, 
and apply the edge of one end of the ruler to it; 
keep M clofe there, whilft your turn the other end 
of the ruler about, till the edge of it fall upon the 
other point B; then draw a line by the edge of the 
ruler, which will go froni one point to the other^ 



224< 



PROB, TL 

■ 7(7 produce a line AB, that is topjhort^ 

Lay the erlge of one end of the ruler againft 
the foot of the compaflfes, placed at one end of 
the line A; and turn the other end about it, till 
the J edge fall upon the other end of the Jine 
B. Then through B, draw a, line by the edge of 
the ruler, froni B to F, 
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Otherwife. ' FIG. \ 

Place otie foot of th^ compafles In thet»d A, ,2.24. 
and through the other end, draw the obfcure altfe 
CBD, with die other foot of the comp?iffes, opened 
to the diftance AB. In that arch take BC equal to 
BD; then with any opening of the compafles, ' 
fetting one foot in C and D, defcribe two obfcure , 
arches to interfedl in E ; then draw BEF, ' 

: For if the lines AC, AD, CE, DE, CD be 
fuppofed to be drawn ; the line CD \yill be -^ to 
AB, and to BF (Cor 3. 3. II) ;, and ABF, a right 
line (!• I). 

. PROB. III. 

From a given point C, to draw a line equal to a 22j;« 
given line AB. 

Draw the line CD, fufEciently long ; then take 
the extent AB in your ,compafles, and fetting one 
foot in C^ ftrike the obfcure arch, F. Then CF 

PROB. IV. 

To find the fum and difference of two given lines 216. 
AB, BU. 

Draw any line DA fufficiently long, then take 
the fhorter line AB in your compafles, and fetting 
one foot in B, defcribe two arches to cut AD in 
A and F ; then will D A = BD + BA, and DF = 
BD-BA. 

PROB. V. 

To hifeSfy or divide a given angle y ACB, into two 227^ 
/qual parts. 

From the angular point C defcribe any arch AB, 
to cut C A, CB ; then with any extent, fetting one 
foot in A and B, defcribe two obfcure arches, to 

tut 
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^^ G^- cut each other in P; then draw CD; and -^ACD 
^27- =DCB* . 

li'or if AD, BD be fuppofed to be drawn ; the 
-^IXA = DCB (8. II). 

PROB. VI. 

To bifeSl, or divide a given right line AB int^ 
two equal parts. 

From the ends A, B,. with the fame extent, 
defcribe two arches, to cut one another in C, and 
D. Draw CD to cut AB in I. Then AI=IB. 

For if AC, AD, BC, BD be fuppofed to be 
drawn; ACBD will be a rhombus; and Al=IB 
(2. III). , 

PROB. VII. 

To make 'an angle B, equal to a given angle A. 

Upon the angular point A as a center defcribe 
An arch FG. Draw any line BC, and, from B 
wiih the fame extent as before, defcribe the arch 
CD. Make the arch CD = FG, and draw BD. 
Then -^CBD = ^FAG. 

Or thus. 

If the angle be given in degrees; from the given 
point B, draw the Une'BD. Then upon a line of 
chords extend your compafl^d from the beginning 
to 60 degrees (called the Sweep of 60), then fetting 
one foot in B, with the other defcribe the arch 
DC. Then e:Ktend from the beginning, to the 
number of degrees given, and fet that extent from 
D to C, upon the arch DC. Throygh C draw the 
line BC, and DBG is the angle required. 

PROB. VIII. 

Through, a given point A, to draw a line AS^ pa- 
rallel to another CD^ - 

Take the neareft diftattce of the point A from 
CD; and fetting one toot in fome point of the 

line 
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• 

line CD, defcribe an occult arch O. Then through FIG* 
A draw a Une AB'to touch the arch O^ which *3^* 
will be II to CD, 

Otherwife*' 

From fome point O in the line CD as a cen- ^3 ^ • 
ter, with the diftance OA, defcribe a femicirclc 
CABD pafiing thxopgh A; then make the arch 
DB=arch CA ; and draw AB, which will be || to 
CD(Cdr.'i3.IV}. 

Or thus* 

With any extent, and one foot in A, defcribe 23 2, 
an arcji to cut CD in fome point C. And with 
the fame extent, and one foot in fome point as D, 
, in the line CD, defcribe an arch B to cut AB, 
» Then with the extent CD, and one foot in A, 
crofs the laft arch in B ; then draw AB, which 
is parallel to CD ( i * III). 

Or thus. 

From a point D taken at pleafure in the line 233, 
DC, defcribe through A, the arch AC; and from 
A, with the fame extent, the arch DB. Make 
DB = AC. 'And draw AB, which will be || to 
DC (Cor. 2. 4. I). 

PROB. IX. 

From a given point P in ^^ right line AB^ to rai/e 234, 
a perpendicular. , 

Make PC equal to PB, and from C and B, with 
a convenient extent, defcribe two arches to cut 
each other at D; draw DP, which will be 4- to 
CB(8.II). 

Or thus. 

With any diftance PF, and one foot in P, dc- 235. 
fcribe the circle FCD, a^d fet FP from F to C, 

- and 
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FIG* tod from C to D ; frpm the points C, D, with anjT 
^iS* cxtient, defcribc two arches to interfedt at O, then 

draw Op, which is -i- to AB. 

For FC is the third part of a femicircle (45. IV), 

and CD is bifeftcd by OP (Cor. 3. 3. II), and alfp 

the arch CD (Cor 2. 2. IV), and therefore ^iFPO 

= OPB = a right angle. 

PROB. X. 

23^. ^0 rtiife a perpendicular on the end hy of a line 
given, AB. 

Set one foot in A, and extend the other to any" 
point C out of the line AB. From C as a'center 
dcfcribe the femicircle PAF, to cut AB in F. 
Through F and C draw FCP, to cut the femicircle 
in P. T4ien draw PA, which will be -^ to AB 

(X4-IV). ^ , , 

Oiherwife. 

237. From the center A, at any diftance AF, defcribe 
the arch FG : fet AF from F to G. And from G 
with the fame extent defcribe an arch P. Through 
F and G, draw the line FGP, to cut the arch in 
P. Then draw PA, which is perpendicular to AB. 

For if AG be drawn, ^FAG = x of ^ tight 
angle (Cor. 2. 3. II) = AGF = 2GAP (i. II). 
Therefore G AP = -j- a right angle ; and the whole 
FAG + GAP = ^ + f = 1 whole right angle. 

Or thus. 

238. Take any length in your compaffes, as AC; 
and fet it 5 times along the line AB, to C, E, D, 
I, K; take 3 parts AD in your compafles, and 
with one foot in A dcfcribe an arch P ; then with - 
extent AK (or 5 parts), and one foot in I, 
crofs the arch P ; then from the point of intcr- 
fcdion P to A draw PA, which is -A- to AB 
(C6r. 3. 21. II). 

• It will be the fame thing, if you fet AJ from A 
to P, and AK from D to P. 

PROB. 
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PROB. XI. , ' , FIG. 

From a given point Y ^ to let fall a perpendicular 239. 
upon a given line AB. ^ ; 

^ From the center P defcribe an areh to c^t AB 
in E and F. From E and F, with a proper dif- » 
tance, defcribe two obfcure arches to interfeft in I, 
then through P arid I, draw PC; which is perp. 
to AB (Cor. 3. 3. II). . , 

Or thus* 

From a point A in the line AB, with diftance 240. ' 
AP, defcribe the arch PI; likewife from another 
point D, in AB, with diftance DP, defcribe the 
arch PI to cut the former in I. Draw PCI, and 
PCisXtoAB. 

Forif AP, AI be drawn, then PC = CI, and 
AC -i- PI (Cor. 3. 3. II. and 8. II). , 

PROB. XII. 

To divide the given line AB into any number of 241. 
equal part 5^ ' 

Draw any indefinite line AP, on which fet the 
' equal parts AL, LM, MN, NP. Draw PB, and 
through L, M, N, draw LD, ME, NF || to PB. 
Then AD = DE = EF =^B (12. l\). 

Otherwife. 

From the ends A, B, of the given line, draw 
^wo lines AP, BK as long as you will, parallel to 
one another. Then fet any equal parts froth A 
towards P, and likewife from B towards K. Then 
draw lines.between the correfpondent points, NG, 
MH, LI, which will diviije AB into the equal 
parts AD, DE, EF, FB (12. H). 

M - Or 
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1 

Or thfis. 

Let AB be given to be divided ; draw CP || 19 
AB. Set anyiequal parts, from C to L, L to M, ' 
M to N, and from N,to P. Draw CA and PB 
to interfeft in G; and draw GL, GM, GN,' to 
cut AB in D, E, F. Then AD, DE, EF, FB 
are all equal (Cor. 13, II). 

Cor. If it be required to Jet any numlfer of equal 
parts upon a right line^ it is done thus. 

Take with your compaffes, fo many equal parts 
from a diagonal fcale, or any colivenient fcale of 
equal parts ; and fet that extent upon your line. 

PROB. XIIL 

To divide a given line AB, in proportion as another 
line AC is divided in D andE. ' 

Let AB and AC be joined at A, making the 
an'gleBAC; drawCB; and through D, E, draw 
DF,'-EG II to CB; Then will AF : AD : ^ FG : 
DE : : GB : EC (Cor. 2. 1 2. II). 

PROB. XIV. 

^ To find a third proportional to two given lines^ 
AB, AD. , 

Join AB, AD at A, fo as to make an angle 
BAD. Produce AD, and make AC = AD, and 
' draw CE || to BD y then AE is the third propor- 
tional. For AB : AD : : ACor AD : AE(i3.II). 

PROB. XV. 

To find afevrth proportional to three given liueSt 
AB, AC, AD. 

Let AB, AC make any angle at A, apply the 
third /line from A tp Ef. Djaw BC, and DE 
II to BC; then AE is the fourth proportional. 
For AB : AC : : AD : AE (13. II), 

PROB^ 
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PROB XVI, / puj 

To find a mean proportional between two given lines 2,47. 
AB, BD, 

Let AD be the fum of the two lines AB, BD 
(4); bifeft At) in C. With center C", and radius 
CA or CP, defcribe the femicircle AED. Fronx 
B ereft BE -t to AD, to cut the circle in E; ' then 
BE is the mean proportional fought. 

For AB : BE : : BE : BD (17. IV)* 

Or^thus. 

Let B A be the greater, bifeft it in C, tnd from z^Z.- 
the center C, with radius C A or CB, de^ribe the 
femicircle BE A. Let BD be the lefler given line. ' 
Ereft DE 4- to BA (9), to cut the circle in E, 
draw BE, which is a mean between BD and BA 
(Cor. 17. IV). 



PROB, XVII. 

To divide the given line AB in extreme and meafi 
proportion. 

Draw EAF J- to AB, and make AE = |AB, 
and draw^EB, and, make JEF = EB, and AG =* 
AF.. And G is the point -of divifion. 

For AF = EF - EA (Conft.), that is, AG = 

EB - EA, and AG + AE = EB (Ax. 3), that 

is, AG + 4AB = EB; -and AG^ + AG x AB 

+iAB» = EB» (io.-I), and AG» = EB»-tAG 

X AB - EA^ (becaufe -J-AB* = EA") = AB* 

- AB. X, AG (Cor. ai. II)' = AB x AB - AG 
.s= AB X BG, •, therefore AB is cut in G, in ex- 
treme and mean proportion (Def. 1 1 . Proportion). 



249. 
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U? ^'"*- AG = AB X i^, W BG = AB x 

■ ' m 

a, 

AT? 

For EB or EF = v^^AB* = ~-\/s> and AF or 
' AG = EF- lAB = AB X i^^^. , 

Alfo BG = AB - AG = AB X £zvl5+i 
= AB. X 3zi£i. 

PROB. XVIII. 

^5^* In any triangle ABC, /o draw a perpendicular from 
any angle A /(; its oppojitejide CB. 

About either of the othet fides AB, defcribe a 
feniicircle ADB, to cut the fide CB in X). Draw 
AD, which will be ^ to CB (14. IV). 

PROB. XIX. 

251. Upon a given line AB, to make an equilateral 
triangle. ' 

Take AB in your compaffes, and with one foot 
in A and B, defcribe two arches to crofs each other 
ai C Draw AC, fiC; and ABC is the triangle. 

PROB. XX. 

a^2. ^^ make a triangle of three given lines A, B, C; 
qf which any two mujl be greater than the third. 

Draw DE ==' the line A ; then take B in your 
compaffes, and with one foot in E defcribe an occult 
arch F. Theixtake C in your cortipaffes, and with 
one foot in D, crofs the former arch at F ; draw 
DF, EF s and DEF is the triangle required. 

Cor. 
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Con After the fame manner ^ a triangle is made p j q^ 
e(iual ta a given triangk^ 252. 

PROS. XXI. . 

To makian ifofceles triangle ABD, whojefide is the 2^3, 
given line AB ; and angle at the bafe B or D, double 
to that at the top A,. '' 

Let AC be the greater, part of the line AB 
divided in extreme and mean ratio (1 7). From 
the center A through B, defcribe the circle BD ; 
and with extent CA, arid gne foot in B, crofs the 
circle in D i and draw AD. Then ABD is the 
triangle fought. 

F'or draw CD; then fince AB : AC : : A^ : 
CB (Def. II. Proportion); that is, AB ; BD : : 
BD : BC i therefore the triangles ABD, BiDC are 
fimilar (14. II), and BD = DC = CA. Whence 
the Z.B or BCD = zlA + CDA (i. II) = 2 ^A 

Cor. T^he angle A is \ of a tight angle. 

PROP. XXII, ^ 

A triangle ABC being given ; to reduce it to ano- 254. 
ther of a different bafe, AED. 

Let AE be the bafe propofed, being in the fame 
line AB. Draw the line CE, from the top of the 
given triangle, to the point E propofed. ' And. 
through /-B oiF the given triangle, draw BD \ to 
CE; draw tne line DE, Then the triangle ADE 
= ACB. , 

'For triangle DBE = triangle t)BC (10. II). 
Add ADB, then ADB + BDE or ADE = AOa + 
BDC or ABC. 

Cor. Thus a triangle may be redtued to another of 
a different height. 

M 3 PROB. 
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FIG. PROB. XXIII. 

t * 

^SS* ^^ divide a triangle ABC, in any proportion^ by a 

\ line drawn from an angle A, 

♦ •. ■ ' ■ 

Divide the bafe, or oppofite fide BC, in D, in 
the proportion given (13) ; to T), draw the linej 
AD; which divides the triangle ABC, in the fame 
given ratio (ii, II), 

PROB. xxrv. 

256. ' 21? reduce a polygon ABCDE to fewer fides. 

To take away the angle B ; produce the next 
fide EAs then draw the diagonal CA, and from B, 
dra;w BG || to CA, to cut EA in G ; and draw-CG, 
which t^kes in the triangle CAG, inftead of its 
equal 'CAB (lo, II), So the polygon becomes 
CGED, . ^ 

Cor. By thus taking aivay one angle after another j 
an\ polygon may^ at laji, be reduced to a triangle^ 

' PROB. XXV. * 

< 

2 c; 7. Upon a given line A, to make a fitiare. 

Draw BC = A, take A or BC in your com- 
paffes, and with one foot in C, defcribe the arch 
BED; and with one foot in B, the arch CEF. 
Set the fame extent from the interfeftion E to F ; 

• draw CF to cut BE in G ; make ED and EI = 
EG ; and draw BI, ID, DC, and BIDC is the 
fqiiare lequired. 

'For if CE, 'BE;, BF be drawn, Z.BCE = |^ a 
right angle (Cor. 2. 3. II) = CBE = EBF, and 
4.ECF = T a right one ((2. IV), therefore ECD 

..» ^ a right angle, and BCD = a right angle.- • 

i Or 
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Or thus. FIG. 

> 

Make BC = A, draw CD -i- and = CB (.9); 257^ 
witfi extent BC, ■ and one foot in B, defcribe an 
arch I ; with the Jame extent and one foot in D,' 
crofs the arch as I ; draw Bl, ID ;' then BIDC is 
the fquare. , , \ 

PROB. XXVI. 

1 
f 

With two given lines A, B, to make a re^dngle. 258s 

'Make the bafe CD'== B, draw CF perp. to . 
CD (9), and = A ; with the extent B, and one 
foot in F, defcribe an arch E ; and with extent A, 
and one foot in D, crofs the arch at E ; di'aw FE,' 
ED J and CFED.is the redtangle fought. 

V PROB. XXVII, 

^0 make a fquare equal to a given re£langle ABCD. ztgl 

Produce the fides AD, CD, and make DF = 
DC ; bifeft AF* in I, and with' radius I A or IF, 
defcribe the femicitcle • AEF to cut CE m E, On 
DE make the fquare DH, whidi will be equal to . 
the rea:^gle AC or AD. x DF ( 1 7. IV). 

PROB. XXVIIL : 

To make a parallelogram equal to a tridngle given 260. 
ABC ; and having an angle ^ equal to a given angle D. • 

Through A draw AG || to BC, and make the 
4BCG = D; bifeft BC in E, and draw EF|| to 
CG ; then the parallelogram EG == triangle ABC ^ 

(7-in)r 

M 4 PROB 
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FIG. PRbB. XXIX. 

261. upon a given right line hj to make a parallelogram 
equal to a given triangle B \ having an ahgle^ equal 
to a given one C- . 

Make a pararielograni GE = triangle B (28), 
whofe angle G = C ; produce DG, EF, DE, 
GF ; an)d make FH = A ; through H, draw IL 
II to EF, to meet DE in T; draw IFK, to cut 
DG in k ; through K draw KL || to GH, meet- 
ing EF and IH in M and L. Then the parallelo- 
gram MH = B. 

For the parallelogram MH = GE (4. Ill) =? B 
(Conftr). 



262. 



263. 



Or thus. 

Let B be the given triangle ; produce the bafe, 
and draw FG, parallel thereto ; make the ■^DCG 
=C, and CI = bafe of the triangle B. Then tri- 
angle CGI = B (10 II); make CD = A, and 
make triangle CKD - CGI (22); bifeA CK in 



H, draw HL, DL | to CD, CH ; then CL is 
the parallelogram fought, , 

For CHLD = triangle CKD (7. Ill) = CGI 
(Conftr.) = B. 

PROB, XXX. 

# • 

Upon a. given right line FG, to make a parallelo- 
gram equal to a gwen polygon BACD, having an angle 
equal to a given one E* 

Divide the polygon into triangles CAB, CBD. 
Make the angle GFK ^- E ; and make the paral- 
lelogram GI - triangle CAB, and HK = CBD 
(Z9> Then parallelogram FL = CABD. 



\- 
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Cor. t . Offence a fquare may he made equal to any F I G, . 
given polygon \ by makifig a r mangle equal to the poly-^ 263. 
gofiy and then a jquare equal to the reStangle (27}. 

' Cor* 2. Thus a parallelogram may be made equal to .* 

the fum or differ^ence 0/ two given polygons.' 

PROB. XXXt. 

To make a Jquare equal to the Jam of two /quarts * 264. 

Make FED a right angle; make BA = fide of 
one given fquare ; BC = iide of the other fquare, 
draw AC ; then the fqware made on AC, is equal ' 
to the fum of the fquares made upbn AB, and ' 
BC(.i.II}.' , . ; ^ 

Cor» After th^ fame manner a fquare may be found 
equal to three or more fquares. For^draw OC -J- to 
AC, and equal to the fide of athird fquare, and draw 
AO. ThenKO"- = AC^ + CO^ = AB^ + BC* 
+ CO (21. II); andfoon. 

PROB. XXXII. 

To make a fquare equal to the difference of two 264. 
/^uares, - _ ^ . / 

Make the right angle FBD; fet the ilde^f the ' 
Jefler fquare from B to A ; take the fide of the 
greater in your compafles; and fetting one foot in 
A, with the other crofs the line BD/in C. Then 
CB is the fide of the fquare equal to the difference 
of the fquares (Cor. 21. 11), 

PROB. XXXIII. , 

To find the proportion of one polygon A to mother B. 46 C. 

. Find two fquares equal to the two polygons 
A, B (Cor. I. 30); let CF be the fide of the 

firft,- 






j[7o The. ELEMENTS 

F IG. firft, and draw FE J- to it, and equal to the fide 
^65. of the fecond. Draw the hypothenufe CE ; from 
F, let fall the perpendicalax FD upon it : then 
CD : DE : : polygon A : polygon B, 

For CD : DE : : CF* : FE? (Con 4. 20. HJ 
; ; A ; B (Conftr.). 

PROB. XXXIV. 

466. To make a triangle equal and fimilar io a given 
triangle KBC. 

Draw any line DE, and make DE = AB ; then 
ivith extent AC, and one foot in D, defcribe an occult 
arch F. And with extent BC, and one foot in E, 
crofs the arch at F ; draw DF^ EF ; and DEF 1% 
the triangle required (8. II)* 

Or thus* 

Make the ^tDF = BAC, and DE = AB, and 
DF = AC, and draw EF. And PEF is the trU 
angle fought (6. II). 

PROB. XXXV. 

«j» To make a plain figure equal and fimilar to another 
'' ABCDEF. 

In any line AF, take two marks or points M, 
N. Alfo in the line af; take mn = MNl- With 
the diftances from M to B, C, D, ^Cj and one foot 
in ;«r defcribe as many arches ; theii with the 
diftances from TJ to B, C, D, i^c. and one foot in 
», qrofs them in by c, d, e^ &c. make ma — MA, 
/»/= NF ; and draw the lines ab^ br, cd, de^ ef, in 
' like manner as the correfpondeat lines are drawA 
in the other figure ^ and it is done. 

Or 
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. Or thus. 


FIG. 



Let the given figure ABCDE be divided into ^68. 
the triangles BAG, CAD, DAE. Then nnake 
triangle GFH = BAG, HFI = GAD, and IFK 
= PAE (34). And the polygon GK wiU be equal 
and'fimilar to BE. 



•' 



Cor. Ani thus a polygon is made upon a given line 
AG or PQ^ Jimilar to another polygon ABCDE. 

prob; 



a 59; 



PROB. XXXVI. 

TV make a polygon Jimilar to another ABCDE, 
4nd in the given ratio of AF to AB. 

Find AG a mean proportional between AF ^hd 
AB. Draw the dia^gonals AG, "AD. Then ffoni 
G, draw GH, HI, IK parallel to BC, CD, DE. 
And AGHIK is the polygon. 

For" the correfpondent triangles in both being 
fimilar, the polygons are fimilar (Cor. 2. 19. III). 
Alfo AF : AG : : AG : AB (Conftr.), and AF : ^ 
AB J : AG* : AB^ (23. Proportion) : ; polygoa 
Ql -; polygon BD (20, IIi). 

Otherwife thus. 

Make P.Qj= AG j alfo make the angles QPR, ^60 
RPS, SPT,re(peaively equal to BAG, CAD,DAE, j^y^] 
And make the angles Q^ R, S, T fiicceilively = 
B, C, D, E. And the polygon PQRST is that 
fought. 

For each of the triangles in one figure is fimilar 
to each in the other (Def i:. II) ; and therefore 
the polygons are fimilar (Cor. i. 19 III). 
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PROB. XXXVII. 

To make a polygon TQ^qual tQ a given one F, and 
Jimilar to another ACDEB. 

Upon BA maKe the reftangle BM - B ACDE 
(30); and upon BH make the reftangle BI = F 
(30). Take PQa mean proportional between BA 
and BR (16); and upon PQ^make the polygon 
PQRST fimilar to BACDE (Cor- 36) j and TQjs 
the polygon fought = F. 

' For polygon BD : polygon PS : : BA* : PQ^ 
(20. Ill) ; : BA : BR (23. Proportion) : : BM 
or polygon* BD : BI or polygon F (8. Ill), 
TThereforp polygon PS = F (Ax.. 7. Proportion), 

Cor. If the polygon TQ^T^tfj to he to F, in the 
given ratio o/KtoS; it is done the fame way ; only 

the parallelogram BI mujl be made = -g- x F, 

PROB. XXXVlII. 

I 

To find the center of a circle MDF. 

Draw any line AD, and bifea it in B ; through 
B draw GBF ^ to AD. Bileft GF in C, for thq 
center (Con i. 2. IV), 

Cor. By the fame rule, the arch AGD i$ hifeSled 
(Cot. I. 2. IV). 

PROB. XXXIX.' 

Through three given points A, B, F, to defcribe 
a circle. 

Draw AB, BF, and bifed them in D, E. Thro* 
D and E, draw the perpendiculars DC, EC, tb 
meet ia C. C is the center (Cor. i. 1. IV. 

Cpr, 
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Cor. If an arch of a circle be given'; the center PIO. 
may he founds by taking three points in that arch- 274. 
And then ^ the circle may be compleated, 

PROP. XL. , 

To draw a tangent to a circle from a given point A* 27 ?. 

From the point A to the center C, draw the 
line AC, bifedl AC in D. With the , radius DA 
or DC, defcribe a femicircle to cut the circle in B. . 
Draw AB, which will toych the circle in B ( i o and , 
14. IV), 

PROB/XLI. 

Upon a right line AB, ,to defcribe the fegment of a 276. 
tirclfy ivhich JhaU Contain an angle AIB, equal to a 
given angle C. 

Make the angle ■BAD = C. Through A draw 

AE -L to AD. At the other end B, make- the ^ 

. ABF = BAF, to cut AE in F., From the center 

ft with radius FA or FB, defcribe, the fegment of 

a circle AIEB. Then -'^AIB = C. . ' 

For AF = FB(Cor. i. 3. II); and -^AIB = 
BAD(i6.IY) = C. 

Or thus. . 

Cut-out a piece of. wood, ^c. with two ftraiglit 
fides, making an angle equal to C. And placing 
it between the fixt points A, B^ move the angular 
point about, while the fides move clofe by the 
points A, B ; then the angular point wiU defcribe 
the arch AIEB. / 

Cor. In the fame manner a fegment is cut off from 
a circle y to contain a given angle -, by drawing the . 
tangent AD at A,, and making the angle BAD = C. 
Then AIEB is the fegment. 

PROB. 
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Fia ; PROB. XLIL 

277. I /« a circle ARC y to infertile a triangle fimilat /# 
• (k triangle given ^ DFG. 

j Draw LK to touch the circle at A; make. 
-tKAC = F, and -^LAB = G. Draw BC, and 
the triangle BAG is fimilar to FDG ( 1 6'. IV). 

^ PROB. XLIIl. 

I 

■0 

% . - 

27S. ^» ti given triangle ABC, to infcribe acircle. 

Bifedt two angles B, C, with the lines BD, CD, , 
ftieetipg in D. Let fall DF ^ to BC. With 
radius DF, and center D, defcribe the circle FEG, 
which will touch all the fides of the triangle ABC 
(Cor. I. ^5. II); 

PROB. XLIV. 

f^jg, .' Jbout a given circle ABC, fo defcribe a triangle 
Jimilar to q triangle gtven^ DEF. 

- Produce the fide EF both 'Ways, to G and H. 

;At the center I, make ^AIB = GED, and BIG 

= DFH. Then to the points B, A, C, draw 

. three tangents to the circle, ' to interfeft in the 

points L, M, N. Then the triangle LMN, is 

fimilar to EpD. ^ 

For fince the /.sat A, B, C are right angles; 
^L. + AIB =5= 2 right angles (Cor. 16. Ill) = 
. GED + DEF, and taking away the equal angles - * 
.. AIB, and GED; then ^L = DEF. . For the 
J .Jfeme reafoh M == DFE, confequently N = D. ^ 

i . , ■ ' 
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PROB. XLV. FIG. 

Ahout a triangle ABC, to defcribe a circle. , ^^^' 

Bifea ariy^ two ' fides, AB, BC, in D and E* • 
Haifc the perpendiculars DF, EF, to interfeft in . 
F. From F as a center defcribe a circle through 
B, which will pafs through A, C (Cor. 32. 11). 

Cor. In an acute-angled triangle^ the center is. 
tuithin ^he triangle; in an obtufe one, without (Cor. i. 
I4-IV)- 

PROB. XLVI. 

In a given circle FCD, to infc'rib&an equilateral ^gi^ 
- trianglei 

Draw the diameter FB, With the radius BA 
and center B, defcribe two arches C, D, to cut 
the circle in C and D. Draw the lines CD, M^, 
FC. And CFD is an equilateral triangle. 

For arch CB or BD = 4 the circumference (45. 
' IV); therefore CBD = i- = GF == FD. 

PROB. XLVII. - 

In a, given circle ABCD, to injcribe a fyuare, or 232. 
. regular oSlagon. 

Draw the diameters AC, BD at right angles to 
one another, , cutting the circle in A, B, C, t). 
Draw' the lines AB, BC, CD, DAj and ABCD 
is a fquare (Cor. 2. 6. IV). 
' If the diameters FG, HI be drawn, bifefting 
the arches AFB, AHD, DGC, CIB. Then AF. 
or FB, isfc. will be the fide of the odagon. 

.' Cor. If AFy FB, ^c. be bije£ledy. a polygon of 
' 1 6 fideSy will be infcribed; a?tdfo on* 

PROB. 
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PROB. XLVIII. 

In a given circle ADBG, to infer ibe a regular, pen-^ 
tagony or decagon. 

Draw the diameter AB ; from the center C draw 
CD -A. tcy AB ; bifed CB in E; and make EF ^ ED. 
and draw DF, which will Jbe the fide of tlie pen- 
tagon ; therefore if DH, HG, tffr. be nude == DF, 
DHGIK will be the pentagon required. Alfo FC is 
the fide of the decagon ; therefore if DL, LK, y^. 
be made = CF; a regular decagon will be in- 
fcribcd. 

For DF* - DE* +EF* — 2FE xEC (23. II) 
= 2DE^ — 2DE X EC = 2DE* -r DE X DC. 
But DE* = DC^ H-CE* (2i.II)=iDC% and 
DE :p 4DCv^5. ^, Therefore DF* = 4DC* - 

— v/5 = DC* X 5=^. Therefore DF is the 

fide of a pentagon (44. IV). Arid FC is the fide 
of a decagon (48. IV). , 

\ 

PROB. XLIX. - 

In a given circle ACE, to' infcribe a regular 
hexagon. 

'Make AB, BC, CD, DE, EF and FA, all equal • 
to the radius AG ; and drawing the lines, the figu^'e 
ABCDEF is a hexagon (45. IV). 

Cox. If the arch AB be bi/e£led, you will have the 
Jideof a regular dodecagon* 
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PROB. L. 

, . ^ FIG- 

Ji?oui a. given circle ABC, to defcrihe a regular 285.- 

fotygon. y • • 

> Either infcribe a polygon of the fame, fort, or 
divide the circle into fo many equal parts AB, BC, 
t^r. as the polygon has^ fides. To the points of 
divifion, draw the radii GA, GB, GC> i^c. To 
thefe lines at A, B, Q i^c. draw tangents to the 
circle, KD, DE, EF, i^c. tointerfeft in D, E,'F, 
fe^r. then DEFHIK is the polygon required. 

For if GD, GK be fuppofed to be drawn, 
AK = AD, and -^ K = ^ D (7. IL) Alfo 
DA = DB (Cor. 4. 21. IVJ, whence KD = DE. 
= EF, i^c. ' ' 

PROB. LI. , 

- To -infcribe a circle in any regular polygon;, or 2B5* 
defcribls a circle about it. 

Bifedt ahy two adjoining angles D, K, with the 
lines DG, KG, and they will meet in the center G. 
Or bifedl any two adjoining fides, DK, JDE, with 
the perpendiculars AG, BG, which will meet in 
the center G. Take GA the neareft diftance to any 
fide, and from G defcribe the circle ABC, which 
will touch all the fides of the polygon DH. , ' , 

Likewife bifedt any two angles A, B, with the 284. 
lines AG, BG, which will meet in the centes G. 
Or bife(3: any two fides CD, DE, with two perpen-* 
diculars meeting in G, the center. Then from A 
with diftance GA defcribe a circle ABCE, which 
will pafs through all the angles of the figure. 

Cor. A circle may be infcribed^ or circumjcribedy to, 
any regular polygon. - '' 

N PROB, . 
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PROS. LIL 

7o defer ibe a polygon in one circle ABDE, which 



287. A^^^' hejimilar to a polygon FGI, dejaihed in another ^^ 
GIK ; regular or irregular. 

Draw lines from the center P, to all the angles 
of the polygon, as PF, PK, PI, i^c. Then at 
the center O, of the other circle, make the angles 
AOE, EOD, DOC, COB, BOA, refpeftively 
equal to FPK, KPI, IPH, HPG, GPF. Draw 
lines between the points A, E, D, i£c. Then 
ABCDE.is fimilar to FGHIK (Cor, i. 19, HI.) 

Cor. After the fame manner^ a polygon may be 
defcribed ahut one circle ^ fimilar to a polygon defcribed 
about amther circle. 

PROB. LIII. 

ijt 88. ^^om a given point A on high^; to let fall a per^ 

pendicular to a plane BC. 

' ■ ' . ■' 

' In the plane BC 'draw any line DE. From A 

draw AF -L to DE. Through F, draw FH -i- alfo 

to DE.; Then let fall AI perp. to FH*^ Then; 

AI is -J- to the plane BC. 

^ ^6r DE is -^ to the plane AFI (4. V). And 

if KL be || to DE, then KL is -L to the' plane 

AFI (6. V). Therefore AI is -^ to the plane 

HIL or BC (4. V). 

Otherwife . thus. 

289. Defcribe a circle BFD, from' the point A, 
upon the plane, with a pair of compfajSes or a firing. 
Then find the center "C of that circle (37, 38. 
VIII) ; and AC is -L. to the phne. In pradice 
you need only extend from A, to three points of 
the plane, B, D, F, 

' PROB. 
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PROB. LIV, 



FIG. 



' From a given point A, in a flane BC, to ralfi a ' ^90. 
perpendicular. * 

From fome point D, above the plane, draw 
DE-i-to the plane (52). Draw A E, and draw 
AF II to ED. Then AF is perp. to the plane 
'BC(6.V). • ' \ 

Both this and the laft Prob. tazy eafily be done 
with two Tqiiares : fetting them crofs one another, 
and both of them dole to the point A. 

» 

PROB. LV. 

To draru) o^e plane parallel to another DE, at a 26 !• 
given diftance. 

Take three points A, B, C, in. the plane DE^ 
but not in a right liiie. At thele points ereft three 
perpendiculars AI, BK, CL, to^ the plane DE 
(53) > 3,nd of equal lengths, the fame as the given 
^diftance. Through 1, K, L, draw the plane 
FG, and it will be parallel to DE. 

PROB. LVI. 

To draw a plane perpendicular to a right line AB, jq j^ 

Draw two lines CD, EF perp. to AB at B. 
Through C, E, D, draw the plane CEDF, which 
is- J- to AB (4. V). : 
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PROB. LVII. 

Through any two lines AB, CD, inclined to one 
nnothefy which do not interfed ; to draw two pkmes 
perpendicular to one another* 

Through ^ny point E of the line AB, draw 
EF II to CD. Through the lines AEF, let the 
plane AEBF be drawn. From any point C, in 
the line CD, let fall the perp. CI, upon the plane 
AFB. Draw IH || to FE, to intcrfeft AB in H. 
At H let fall HG J- to CD. Then il^e plane 
CIHG will be perp. to the plane AFH. ' 
' For CD is || to IH (8. V). And fince CI' is 
perp. to IH, it is alfo -^ to CO (3. 1). Therefore 
CI, HG are parallels (Con 3. 4. I); and HG -L 
to the plane AFB (6. V). Therefore the plane 
DCIH is perp. to the plane AFB (7. Def. V). 

Cotr I . The right line GH is perpendicular to 
ioth lines AB, CD. 

For it is J- to CD (Cpnftr.), "and it is -A- to the 
plane AHI, and therefore to AHB. 

Cor. 2. GH is the near eft diftance between the 
two tines AB and CD. 

For the point H is nearer G, than any other 
point in the line AB (Cor. 4. 21. II). . And G 
is nearer H than any point in CD. 

Cor. 3. Hence no two lines can poffibly he drawn ; 
but another line may be drawn^ which is perpi to 
them both. 

Cor* ^. And no two lines, can be drawn, but two 
planes may be drawn through them, perpendicular to 
one another. 

Cor. 
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Cor. t^^ The given line CD, is parallel to the {Jane ^ * ^^ 
AFB* pajjing through the other line AB* ^93- . 

' For it is parallel to HI. 

; ^ PROB. LVIII. 

I 

Through any two inclined lines ^ which cut not one 293. 
another y AB, CD; to draw two parallel. planes 
through them. ' - 

Draw the plane HICD and BIFA perp. to one 
another, and paflidg through the two given lines; 
AB, CD (56). Then through CG at the diftance 
GH, draw a plane -i- to GH (54), and it will be 
j)afallcl to the plane ABF (Def. 10. V}. 

' Cor, I . The line GH, (which is perpendicular to 
both the given lineSy AB, CD), is the diftance of the 
two parallel planes. 

Cor. 2. No two lines can be drawn, but there may 
be two planes drawn through them, parallel to one » 

another. 

PROB. LIX. 

To make afolid angle BAD, of three given plane 294. 
angles y whofefum is lefs than four right angles, and 
. any two grehter than the third. 

There is no more^'to do than to join alUheir 
iidcs AB, AC, AD, together ; fo that the vertices 
or angular points may all meet together in A; 
then A is the folid angle required (Cor. 19. V). 

PROB. LX. 

To make a folid ^ngle, equal to any folid angle ig£» 
given, A. : ^ 

Cut off the given folid angle A, by a plane 
BCD£ i and from the given planes, make the 

^3 ^ ^^g^s 
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F I G. angles QPR, RPS, SPT, and TPQ^refpedivcly 
eqi^l to BAG, CAD, DAE, and E AB ; alfa 
- make PQ, PR, PS, PT refpeftively equal to AB, 
AC^" AD, AE. Then the plane triangles in one, 
will be equal to the triangles in the other. Then 
plaee the fides PR, PS, ^c. together as in the 
other folid, angle A, fo that all their angular points 
ma,y meet in P ; and likewife fo that the angles 
Q^, R, S, T, may be refpeftively equal to B, C, 
D, ; E. And then the folid angle P will be equal 
to the folid angle A. . - 

. ; J^'or all the 3 angles at Q^ being eqihal to thofe 
at B, and all the- three angles at R, equal to 
thofe at C, ^c. The folid angles at B, C, 
P> .f^, will be equal to thofe a^t C^, R, S, T, 
(Cor. 19, V), And confequently. -^ P niuft be 

equal to A. 

' . . . • ; ^ _ 

PROS. LXL 

296. l^pon a given line AB, to defcribe a paralleh^. 
plp^on^ fimilarto a given parallelopipedon CD. 

Make the folid angle A equal to the folid angle 
C (59); alfo make as CF'; CE : : AB :. AH; and 
CF : CG : : AB : AT. Then finiQi the parallclo- 
pipedon AK, by drawing the planes KI, KH, 
M7» and KB, parallel to the oppoQte ones BH, BI, 
and IH. Then JB is fimilar to QF, 

For their folid angles, are equal, and the 
fides proportional, and therefore they are fimilar 

-(2Z. VI). 
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Together with a general Method of arguiug 
by proportional Quantities. 



Si Proportlonis Do^rinam e Matbefi ab/hileris, nihil Jen 
. trackarum out egregium relinques. 

Wa. Tac«£ucL 
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I^7NCE all manner of quantkks require ta 
be compared together^ in mathematical com^ 
putaiions^ and their various relations fearched 
out and determined \ and as moji of ourknow^ 
Jedge in mathematical fidjeSis depends on the 
proportions of fever al things to one another : Jo 
it is requijite that the nature ofprof.ortion^ and 
the methods of reafoning thereby ^ be diJiinSlly 
laid down and well undtrfod. It is a method 
of reafoning Jo ^^ery Jhort^ (ubtle^ Jblid^ and 
certain^ and likewifejo ufeful in all parts of the 
mafhematicks^ that it is impoffible to make the 
leajl progrcfs without it. It is the marrow of 
the mathematich^ and the very foul oj geometry 
and geometrical reajoning. therefore it is ab^ 
folutely necejfary^ that every one who^xpfBs to 
fucceed in his mathematical Jiudies^ fhould make 
himfelf acquainted with the nature oJ reafoning 
with proportional quantities^ and become ready 
gnd quick in the uje thereof 

I had before^ in the Treatife of Arithmetic^ - 
demonjir ated fome few things relating fopropor- ^ 
tions^\ but no more than I had then prefent occa^ 
fionfor^ in^r eating of the properties of numbers^ 
But in thisfmall traSl^ I have demonjir ated the 
dodirine^of proportions univerfally ^ for all quan- 
titles whatfoever^ as 'well as numbers^ 

rhe 
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The PREFACE. 

,*!the method I have here followed is tffis: 

SeSi. L treats of arithmetical proportion and 

progrejpon. And Se^. II. of gedmetrical pro- 

portion. And herein I have taken the liberty to 

'deviate from Euclid, by giving a different de- 

finition of proportional quantities ; his being ab- 

Jlrufe and unintelligible^ efpecially to young 

Jludents. This here laid down being evidently 

agreeable to^ and deducible from, the fitji^ 

Jimple^ and natural idea we form of proportion. 

Neither have I followed his order ofpropojitions^ 

or method of demonjlration : but > have omitted 

many of his propofttions af of little ufe^ and 

added fever al other more ufeful ones^ which he 

had riot. And the fe / have dimonjtrated from 

that moft Jimple idea of proportion^ before men-^ 

tioned^ with, the great ejl eafe and perfpicuity 

imaginable. And becaufe the method of argu^ 

ing by a general proportion is vaflly fhorter and 

eafier than the common wa^ with four terms ; 

therefore 1 have in Sedl. IIL demonflrated the 

fundamental propoftions it depends on ; and has 

Jhewn and explained the way of proceedings 

^according to that method. And therefore I 

hopi this will both injirudi and delight the 

diligent reader. 
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1. The whole is equal to all the parts taken 
together, 

i 

a. If equal quantities be added to equal quaa- 
^ tities J the funis will be equal, 

^r If equal quantities be taken from equal quan- 
tities ; the remainders will be equaL 

4. If equal quantities be equally multiplied; 

the produdts will be equal. 

5. If equal quantities be divided by equaltaum^ 

bers; the quotiens will be equal. 

•6. Equal quantities have the fame proportion to , 
any third quantity: and. any quantity has 
the fame ratio to equal quantities. 

-■ • 

7. Thofe quantities are equal, that have the 
fame ratio to any third ; or when a third 
has the fame ratio to each of them. 

'S. Thofe ratios or quantities, that are equal to 
a third, are equal to one another. 

9. A greater quantity has a greater ratio to a 
third, than a'lefler quantity has. And that 
which has the greater ratio, is the greater 
quantity. 

JO. If there be two equal ratios, and one be 
greater than a third, the other wjlll ^bc 
. greater ; if lefs^ the other will be lefs. 



I 



' \ 



mJU-* 



The 



i88 



73&^ J^nijkatlon of the Signs or Cbara^ers 

here ufak 



i 



+ to be added, 
-i- to be fubtrafted. 
X multiplied by, or AB is A multiplied by B. 

•r divided by, or -g- is A divided by B» 

= equal to, 

: ; geometrical proportion^ as A : B : : C : D, 
fignifies A is to B^ as C is to D. 

OC is as ^ a mark of general proportion. 

* ^ • 

v- continual proportion, or geometrical pro- 
- gfeffion. As A : B : C : D ■-, fig- 
nifies that A is to B> as B to C, as C 
to D, ^c. 

••• arithmetical proportion, as A # B ••• C . P# 

^ arithmetical progreffion. 

.•••. harmonic proportion* 






harmonic progreffion^ 
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DEFINITIONS. 

r. ARITHMETIC proportion j is the relation 
that two quantities, of the ikme kind, have 
to one another, in refpedt of their difference. 
The former quantity is called the antecedent f 
and the latter, the confequent. And thefe. ard 
called the terms of the proportion. 

2. Ratio is the difierence between the antecedent 
and confequent. Therefore arithmetic ratio is of 
the fame kind as the quantit;ies themfelves* This 
is commonly called the common difference. 

3. Quantities arifhmeticaify proportional, are thofe 
that have the feme arithmetic tatio, when com- 
pared two and two ; fo that the antecedents, may 
be every where fobtrafted from the confequents j 
or elfe the confequents from the antecedents. 

4. Continued proportion is when the firft has 
the fame proportion to the fecpnd, as the fecond 
to th,e thirdr 

5. Arithmetical' progr^on, is when a feries of 
quantities are in the fame arithjnetical proportion. 
Or when they increafe, or decreafe by equal dif- 
ferencjBs. 

6. 'Mufical proportion, and progreffion, is when 
there is a feries of quantities, where the numera- 
tors are the fame, and the denominators in arith- 
metic progreffioti, 

PROP. 
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PROP. L 

If four quantities are arithmetically proportial, 
A . B ••• C . D; thefum of the extremes is equal to 
befum of the means^ A + D = B + C. 

' For A - B = C - D YD^f. 3), and adding 
B + D, A-B + B + D = C + B-D + D (Ax, 2); 
that is, A + D = C+B. 

Cor. if three quantities be in arithmetic progreffkn^ 
thefum of the extremes is double the mean. 

PROP. II: 

If there be two ranks of quantities in arithmetic 
proportion ; their fums and. differences fhall alfo be in 
arithmetic proportion^ If A . B . • . C . D, and 
P . Qj.- R . S ; then A + P . B + Q^-.- C + R . 
D + S, tf«^A-P . B-Q^vC— R,D-S. 

For let A - B = C - D = w, and Q.™ P = 
S - R = «. Then B = A - w, D = C -,(W, 
Q=P + «, S = R+«. And B+Q^=A-« 
+ P + «, D + S = C— «« + R+«. But 
A + P.A — »? + Pr-«.*. C'+R.C— « + 
R + « (Def. 3). . . 

Again, B — Qj= A — «? — P — », and D — 
S = C - w -' R - K. But A — P . A- m — 
P - « '.• C - R . C - *» - R-- « (Def. 3). 

PROP. III. 

If three quantities art in arithmetic progreffion ; the 
reSangie of the extremes, together with the f quart of 
the common difference ^ is equal to the fquar e of ti e 

middle term. Jf A. B,C^\ then AC +B'- A* 
cBB. 
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For let D = B-A=< :-B, a n d A = B -D, 

C = B + D; then AC r= B - D X B + D,= BB ^ 
+ BD-BD-DD= BB-DD. And AC— 
DD = BB (Ax. a). 

Cor, A fet of arithmetical proportionals^ xvbofe 
common difference is exceeding fmally is nearly a Jet. of 
geometrical proportionals. See the next feftion, 

ff 

PROP. iV. 

V 

In a feries of quantities in arithmetical progrej^on; 
tbefum of the extremes is equal tpthefum of any two 
means J equally diHant from the extremes. If A .B . 
C.D.E.F.G-; /y&^« A + G = B + F = 

For fince A . B ••• F . G (Def. 5), .therefore 
A + G=-B + F(Prop. I). AndfinceB.CvE. . 
F, therefore C + E = B + F = A + G, fsfr. 

Cor. Hence the fum of the, extremes is double the 
mean, when thtf number of terms is odd* , 

PROP. V. 

If out of a- feries of quantities in arithmetical pro- 
grejfion, there be taien any feries, of equidiftant terms ; 
> this feries will alfo be in arithmetic prQgreJ/ion. 

i^ A.B.C.D.E.F.G.H.I.K.L.M-^, 
then •. B E H L are -ij-. 

For C - B = D - C = E - D = R, and 

adding all together, E — B = 3R. 
Alfo F-E = G-F=H-G = R, and 

H-E = 3R. 

Again, I-H = K-I = L-K = R, and 
L~H = 3R, i^c. 

Therefore, E-B = H--E = L-H (Ax. 8). 
And B . E . H . L -T- (Def. 5). 

PROP. 
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PROP. VI. 

itt a ferits ofauanHties in arithmetic progreffiotif 
A > B • C • D • E^ whofe number is n^ and common 

dsff^rtnce x; the laft lerm^E) = A + w,— i xx 
in an increafing progrejfiony or laft term (E) == A— 

«-— I y.xin a decreafing one. 

For the difference between A and B, B and C, 
C and D, D and £, being at i the difference be- 
tween A and' E will be fo many times ^, as arc 

. , the terms beyond A ; that is, m-^w.x* Whence 

A — E, orE— A = « — ix^. AndE = A+«-i 

xf, or =A— ;z— I XA- (Ax. 2 J 3). 

Cor. T^he common difference is equal to the difference 
of the extremes^ divided by the number of terms lefi 
one* 

F6r;.=: ^-^°'-^-^ (Ax. 5). 
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PROP. VII. 

T^he fumj pfaferies of quantities in arithmetic pro^ 
greffion^ is equal to half the produB^ of the fum of _ 
the extremeSy multiplied by the number of terms. 

m 

' If A.'R.C^.J^.Y.iTy thenthefum-^^^-^^^ 
n being the number of terms. . 

For A +B +C -fD +E ==fum 
And E -f D -fC +B +A ==Aim ^fun^ 

Adding, A+E + B-f-D-f C + C + B + D + A4-E=twke the 
That isy A+E+A+E+A-hE+A+E+A+E (Prop.JV)-- 

Therefore twice the fum is equal ' to as many 

times A + E, as there arc terms, or tke fum = 

A+E ^ 

xn. 
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PROP. 



Scft. I. PROPORTION. »93 

PROP. VIII. 

In aferies of quantities in arithmetical pro^eJfioH 
from Of their differences are equal -y in their fjuareSj 
the differences of the differ enceSy or the fecoHd differ^ 
ences^ are equal; in their cubes, fhe third differences ' 
are equal; andfo on. 

Let the feries be a, a^ 2a, 3^, 4/1, ^a, 6a, i^c. 
ihtn o, aa 4aa gaa i6aa ^$aa iSc. fquares. 
^^ 3^^ 5^^ 7^^ 9^/11 differences. 
xaa zaa zaa laa 2 differences. 

Again, o a^ Za^ lya^ 64a* cubes.' 

a^ ja^ 19^3 37^2 i differences. - 
6a^ ila^ iSa^ 2 differences. 

6a ^ 6a^ &c. 3 differences. 

And (b for higher powers. 



' Cor., I. In the »*** powers, the « + i*** differences 
are o. . . 

Cor. 2. The equal differences in the laterdU, 
fquares, cubes ^ biquadrates, &c. are la,! x zaa, i xt 
X 3a', I X 2 X 3 X 4<«*, &c* refpeilivefy* 
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SECT. It 
Geometrical Proportion, 



DEFINIl IONS. 

i.QEOMETRICAL proportion^' i% the relation 
or refpeft, that two qnantities of the fame 
kind, have to one alnothef in .regard to their 
bignefs* The former quantity is called the ante- 
cedent', and the fecond, the confequent. 

2. Ratio is the quotient arifing by dividing the 
Antecedent by the confequent: Or it is the num- 
ber which exprefles how oft the antecedent con- 
tains the confequent ; which number may be eithejf 
whole, fr^ional^ orfurd. When the antecedent 
and confequent are *equal ; it is called a ratio of 
eguality; if not, of inequality. 

3. Terms of tht r^xio, are the antecedent and its 
confequent. ' 

4. Proportional quantities are thofc that have the 
lame ratio or proportion, when compared two and 
two together; that is, when the firft.is to the 
fecond, as the third to the fourth; or when the 
firft contains the fecond, as oft as the third con- 
laiDS the fourth; and' tl^e contrary. 

k. Ho ?no logons or alternate terms ^ are the antece- 
dents of feveral ratios, or elfe the confequents. 
And any antecedent and its tiSnfcquent, are called 
dhalogous terms. 

6. Direct proportion ^ is when the fame propor- 
tion holds from the firft term to the fecond, and 

from 



J 



\ 
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from the third to the fourth, as if A, B, C> D, 
be four quantities; then at is direSly A : B : : 
C : D. 

7. Reciprocal or inverfi proportiofiy is when one 
fort of quaiitity increafes, in the fame proportion 

• that another decreafes. - 

8. Di/creet proportion, is when out of four terms, 
the fecond, has not the Jame proportion to the 
third, which the fifft has to the fecond, or the 
third to the fourth. 

9. Continual proportion, is when the firft term 
^ '^has the fame proportion to the fecond, as the 

fecond to the third. 

i.o« Geometrical progrejton, is when a fet of ' 

quantities are in continual proportion ; or when 
the firft ha$ the faipe ratio to the fecond, as 
the. fecond to the' third, and as the third to the, 
fourth, and the fourth to the fifth, ^c. \ 

It, Extreme and mean ratio, is when a quantity 
is fo divided, that tlie leffer part, the greater part ' 
and the whole, are in continual proportion. 

I a. Co;;?/>/^tf/^ f^/^, is that which arifes by mul* 
tiplying feveral other ratios together. 
X 13. Duplicate, triplicate, ratio, &c. is the/ 

fquare, cube, ^c, of fomc given ratio. 

14. Hafmonical ratio, is when a quantity is di- 
vided into three parts, fo that the whole is to one 
part, as the fecond part to <he third. And when 
the fecond and third are^qual; it is called harmonic ' 
proportion continued^ 
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PROP. I. 

If feveral pairs of quantities are in the fame pro* 
portion^ A : B, : : O : D : : E :*F : : G : H; 

then as any antecedent to its confequent, fo is any other 
antecedent to its conjequent, A : B : : G : H. 

For fince 4=S"F = H ^^^^ "^^^ ^^^'^' 
fore, -5.= -7 (Ax.8); whence A : B : : G : H 

(Def. 4). 

PROP. II. 
If four quantities are proportional^ A : B : : C 
' : D-; and if thefirft A, be greater than the fecond 
B ; then the third C, fhall be greater than the fourth 
D. . If equal, they fhall be equal ; if lefs^. lefs. ^ 

For fince 4 = £ (Def- 4)> by the nature of 

^ fraftional quantities, if A be greater than B, the 
quotient or ratio will be more than i, and there- 
fore C greater than D; But if A bfc equal to B^ 

' ^ = I , and C == D. But if A be lefs than B, the 
B , 

quotient is lefs than i, and therefore C lefs than D. 

PROP, 11 L 
If/our quantities are proportional, A : B : : C : D; . 
they fhall alfo be proportional by reverfion ; that is, the 
fecond B istothefirfl A ; as the fourth D, ds to the 
third C ; (?r B : A : : D : C. 

" AC 

For let -^ = Tx = r tlie ratio, thea A = Br, 

A C 

andC=Dr(Ax. 4); and B ==—, an<iP=— 



(Ax. 5); alfo ^ = y, and ^ = y (ib.); whence 

I = § (Ax. 8) i therefore B : A : : t> i C 
(Def. 4). PROP. 



N 
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r « 

I 

, PROP. IV. ' 

If/our quantities 0/ the fame kind are proporiionaly 
A : B : : C : O ; theyjhall be proportional alter- - 
nately or by permutation ; that is, thejirjl A, Jhall b^ 
to the third C; as the fecond B, is to the fourth D. 

For let -g = ^= r, then A = Br, and, C = 

pr (Ax. 4) ; then — = -j- ==: ~ (Ax.^ 5) j there- 
foreA ; C : : B: D (Def. 4). ' 

PROP. V. 

Slpantities are in the fame ratioy ' as their equi* ^ 
multiples; A : B : : «A : «B. 

Forlet-^ = r, then A = Br (Ax. 4); and nh 
5=«Br (lb.); and -^ = ^ (Ax. 5); therefore-^ = , 

nA 

j^(Ax. 8); therefore A : B : :»A : «B. 

Cor. I. ^antities are in the fame ratio, as their 
like part s^ 

For «A : «B : : — : !5. : : A : B. 



n u 



Cor* 2 The like parts of ttvo quantities, taken an 
equal number of times, are as the quantities themfelves* 

PROP, VI. f 

If four quantities are proportional, A : B : : C 
; D; and two homologous or aiialogous terms be both 
§f th^m eqtfally n^itltiplied, or divided; the four terms 
ivillflill be proportional. 

ForC : D : ; «C ;,«D (Pr. V) : :£:H.(Pr. 

V. Cor. i); therefore A : B : ; ;;C : «D ; ; 

O 3 Again 



•» 
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Again, A : C : : B ^. D (Prop.IV) : ml^tnD;: 

— : —(Prop. VI). Therefore A : mB~: : C : «D, 

And A : ^ : : C ^: ^ (Prop. IV), 

Cor. I. If two correjpondent terms be muliipUed 
hy one number^ . and the other two terms by another 
numbers the refulting terms will be proportional: 
7/" A : B : : C : D, then mA ; i«B : : wC : wD; 
cr mA : «B : : mC : «D* 

Cor. 1. And if two correfpondent terms be divided 
by one nurhbery and the other two by another number i 
the quotients will be proportional. , 

Cor. 3; Hence f inftead of any two correfpondent 
terms; two others y proportional to them^ may be put 
in their room^ 

PROP. VIL 

Jf four 'quantities are proportional; and infiead of 
iwofa£lorSy in two analogous terms y if there befub- 
Jlituted two other quantities ^ in the fame ratio y thi^ 
four quantities will Jlill be proportional : Jf A : B 
: : PCL: RS; andQ^: S : : M : N. Then A ; 
B : : PM : RN. 



F<JT fince A : B : : PQ^: RS; by dividing 
the antecedents by P, and the confequcnts by R, 

F • t" • • ^' ^ • • M • N (Prop, VI. Cor.); then 
multiplying the antecedents by P, and the confen 
qucnts by R, we have A : B : : £M : RN. 



PROP, 
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PROP. VIII. 

If the parts taken away from two whole quawtitieSy 
be arthe wholes; then the remainder's, -Jhall be as the - 
wholes, jy A ; C : : A +.B : C +-D; then B; 
D : : A + B : f + p. 

For A : A + R: : C : C + D(Pr6p. IV); and 
A + B : A : : C + D : C (Prop. HI); and 
A+B C + D/,^-. V i.1. • B ^ 

~ir~ ~ "c~ ^^^^' '*) ' ^^^^ *''' ' ■*■ A ~ * ■*■ 

^, and ^ = c" (A^x* 3)5 therefore B : A : : D 

: C, and B : D : : A : C (Prop. IV) : : A + 
B : C+D. 

I 

Cor. The fame things fuppofed^ the remainders 
Jhall beas the parts taken awayy A : B : : C : D, 

PROP. TX. 

The fum of the greatejt and leajl of four pro- 
portional quantities J is greater than the fum of the 
other two. 

Suppofe A : B :»; C : D, and let A be^ the 

greateft term, then of confequence D is the leaft 

AC" 
(Prop. II): then-g^Tj^ r. Now iince A is 

greater than B, r is greater than i , therefore put 
r ~ 14. s. Whence A = rB =1 B + iB, and C 

= rD ^D + sD (Ax. 8). Then A + D = B + 
jB + D, and B -f C = B + D + 5D. But B is 
greater than D, and jB greater than jD ; therefore 
B + D -I- iB is greater than B -f D + sT>\ or A 

+ D greater thanB + C. 

Cor. The fum of A and D = fum of B and C + 

r- I xB-D. 

O 4 For 
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For one of the^c lums exceeds the other by 



fxB-D. 



PROP. X. 



t 

Jf fever at quoHtities are proportional i^ A : B : ! 
C:r)::E:F::G: H; as one of the ante- 
cedentSf to its confequent; fo is tbefum of all the au- 
tecedents^ to the fum of ait the conjequentsi A : B : t 
A + C + E + G : B + D + F + tL 

Forlet-=^ =r, or A = Br, C = Dr, E = Fr, 

G = Hr, an d A + C + E + G = Br + Dr + 

Fr + Hr = B + D + F T~H x r (Ax. 8); 

., f A + C + E + G_B + D + F + H Jc r 
' «cretoreg-j-^- p ^ ^ - 3+^-+ f + H" 

= r; therefore^ = |-t-§-tl±-|;therefore,yf 

PROP. Xt. 

i/" there b€ tzvo ranks of propr^rfional quantities^ 
and the two m a^is be the fame in hcth ; the extremes 
11 til be )€ciproially proportional -//"A : B : : C : D, 
ana E : B ; : C : F; then A : E : : F : D, 

A C 

For let rj- = YT ~ ''^ ^^d fincc B : E : : F : C 
B D 

R F 
(Pr. Ill); therefore let ^ = ^ = -^^ Then rx, = 

g- X -^ = ^ X g- (Ax. 4); that IS, g- = ^ ; (Mr 
A : E : : F : D, 

Cor. /« /'u;o ranks of proportional quantities, if 
the eitremes be the, fame in both; the means will be 
rectproMly proportion. 

Fof 



I ' 
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J. 

For if .B : A : ':- D : C, and B : E : : F ^ C ; 
then by ;:everfion A : B : : C : D, and E : B 
; : C : F. Whence A : fe : ; F ; D (Prop. XI). 

PROP. XII. 

If four quantities are proportional; A : B : : C : D; 
the produS of the extremes is equal to the.produSi of 
the means^ AD =: BC.- , • 

' ' AC-. 

For let 5-=|T ^= i^"* then A = Br, and C =? 

J)r (Ax. 4); whence AD = BrD, and BC=»2 
B;^D ^Ax. 4); therefore AD = BC (A:x. 8). 

, Cor. I , 'If two produSs are equal, AD = BC j 
• the fides or faSlor^ are rfcipr orally proportionate 
A ; B : : C : D. 

' For let A : fe : : C : Q, then ACt=: BCfCProp. 
XII) = AD (hyp ) ; f nerefore O = D (Ax. c)j 
and A:B:: C:D (Ax. 7). 

Cor. 2. If three quantities are continually prop^^ 
iional; the reSiangk of the extremes is equal to ibc^ 
fquare of the mean. And the contrary. 

Cor. 3. In four proportional quantities^ if one 
extreme be multiplied by any number^ and the other 
extreme divided by it ; the quantities ruill fill be 
proportional. ' The fame holds of the means. Confe-; 
quently any two favors, in the two extremes msy 
' change places; or in the two means. 

For if A : B : : C : D, then AD — BC, and 

ft AD = «BC (Ax. 4) ; then «A : B : : «C : D 

D ' 

(Cor, i) : : C : — (Cor. i. Prop. 5). 

I 
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ScHOtltTM. 

It is fuppofed here that two analogous terms 
are qumbers, or at leafl^ that they^ are repreiented 
by numbers. . 

PROP, XIII. 

If four quantities are prcpnrtional, A : B : : C 
: D; and if the analogous terms be compounded any 
- ' ' "way by addition or fuhtroRion^ fa that both pairs it 
ordered alike^ then they willjlill be profortional. 

, If A : B 
Then A : A 
A: A 
A :B 
A+B 
A-B 
^ B-A 

^ A + B 

A + B 

A:B 

A : B 

verfe thereof. 

For in any cafe, the produft of the means is 
equal to the produd of the extremes. 

Cor. When the quantities are compounded after any 
of the foregoing ivays^ then it will ^^, A : B : : C ; D. 

PROP. XIV. 

If one quantity has the fdme proportion to feverat 
quantities feparately^ as a Jecond quantity has to 
as many others^ then the firjl has the fame. proportion 
to the fum of the firjt jety as the fecond has to the 
fum of the kftfet. 
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D. 






:B: 


:C- 


D: 


D. 


* 




:B: 


:D- 


C : 


D. 
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D: 
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D. 


:B- 


A:: 


c+ 


D: 


D- 


■c. 


::A 


+ C: 


B + 


D. 






::A 


-C: 


B- 


■D, 


i^c. 


and the re- 



fB : : F : fG 
I if 



then K I B + C.+ D^ 
F:G + H + I. 



For 
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C } : A : ; H J : 

dJ iJ 



For C J : A : ; H| : F (Prop. UI). then 

B G C H D 1 ,T^ r x tu r 

A~F' A~T' a='t(^'^-'^)* Therefore 

B C D B + C+ O 6 H I ' 

A +A+A ""' A = T + T+T <» 

^'''"'''^ (A:^ 2) ; therefore B + C + D : A : ; 

G + H + 1 : F CDef.'4) ; and A : B + C + D : : 
F:G + H + 1 (Prop. III). ^ " 

Cor. I, I/^one quantity be feparately to two quan* 
titiesy as a Jecond is to two others, the jirjl will be 
to the 'difference of the firjl two\ as the Jecond^ is to 
the difference of the laji two. 

^A:I^--^-|^- rA^«A:B — C:: 
F:G — H, 

For then a""^ A* "^^T "^T C-^^'S)* ^^^ 

B -C G-H 



"• 



Cor. 2,. The fame things fuppofei as in Cor* i, 
thm B ; C : : G : H. 

For T" ^^ Y> ^"^ A "^ T' ^^^^^^ B : C : : 
(j-or "f-A^^ T* •} G • H (Pr. V. and Cor. I )* 



\ 



J ...„.•■ i. 
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PROP. XV, 

If then be two ranks of quantities^ and it ley In 

- tbefe two ranks^ as the firft to the fecond^ fo is the 

. fi^ft' ^^ ^he fecond; and as 4he fecond^to the third j 

fo the fecond to the third ; andfb on : then will thi 

firfl be to the lajl^ as the firjl to the laji^ in the two 

ranks. Jf/" A, B, C, D, and F, G, H, I, are two 

ranksy and it be, A : B : : F : G, and B : C 

: : G : H, ^«rf C : D : : H : I, then A : D 

• • F • I ' 

For g.=^, aqd ^=jj-, and ^=-j-(Def.40} 

AVLC ' VC* H A F 

therefore ggg = -^ggy CAx. 4), or ^ = j ; that 
is, A : D : : F : I. 

PROP. XVL 

If two or more rows of quantities are refpeSiively 
proportional^ the like terms are proportional^ in any 
two rows. 

If A :B:C :D::? :Qj.K:S: fhenB: 

Quantities are refpeSiive/y proportional, when 11^ 
the feveral rows, the firft term is to the firft, the 
fecond to the fecond, the third to the third, &e. 
in the fame proportion. And tike terms are thofe 
' that ate aUkc fituated in all the rows ; as the third 
term and the third, the fourth and the fourth, i^c. 
For fince B : C : : Q^: R, and C : D : : R : S, 
therefore B : D : : Q^: S (Prop. XV) ; and fo of 
others. 

Or thus. . 
If thcfe are re- A : B : C : D : E : ; 
fpeftively propor- F:G:H:I:K:: 
tional, . L : M ; N : O : P : : 

C^: R : S : T : V : : 

th^n A : D : : Q^: T j and fo of 

otherj, Foy 
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For A : B : : Q^: R, and B : C : : R : S, 
and C : D : : S : T. Therefore A : D : : Q^ 
: T. In like^ manner G : K : : R :"V, and 
A : E : : L : P, and B : E : : R : V, fef<:. all 

the ways they can be thus compared, 

PROP. XVII. 

If there he two Jets of quantities^ and if it he as 
thefirjl to thejecond (inthefirjifet)^fo the lajl but 
one to the laft (in the fecond fet) ; and as tbeficond 
to the tbirdy Jo the lafi but twoj to the laji hut one ; 
andfo on. Then thefirjl will he to thelafl (in thtfirfi 
, fetK as the firjl to the lafi (in the fecond Jet). 

Firfifet , A, B, ,C. 
Second fet F, G, H. 
^ A : B : : G. : H, and'&iC: :¥ : G, i£c. 
then A : C : : F : H. 

For 3- ==" H» and ^ = ^ (Def. 4, 2); there- « 

- AB GF.. . A F ,. 

fore -^ — -ji^ (Ax. 4), or — = g-, and A : 
C : : F : H, 

PROP. XYIIL 

If there be four proportional quantities in one rank, 
N and four more in another ^ and feveral Juch ranks, 
' then the- products of the like terms ivill be propor- 
tional. 

i^ A : B : : C : D, 
tfHi F : G : : H : I, 
tf«i P J Q^: : R : S, 
then AFP : BGQ : : CHR : DIS. 
p. A C J F .H J P R /r» c 
^""^ B" = D' ^"^^ G = T' *'?'* q:= T (°^^- 

4), therefore g^Qr = -^^ (Ax. 4), or AFP : 

BGC^: : CHR : DIS. 

Cor, 



* 
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Cor. I. If K : B : 

<nb/ B : P : 

and P : Q^: 

then A : Q^: 



C : D» 
H : I, 
R : S, ^c. 
CHR : DIS. 

: C ::CHR 



Cor, 2. The fame things fuppofed ^ith two ranks 

0f proptftionab, the quotients of the Hke terms tmU 
i .^ .- / A B CD 

ie pmparttonal. "T ' g" • • jT * T* 

For AD = BC, and FI = GH (Prop. 3tII) ; 

therefore -pj- = ^g- (Ax. 5) ; therefore^ ; -^ 

C D 

; : Tj- : Y (Cor. i. Prop. XII). 

Cor. 3. The like perwers^ or the like roots of pro- 
portional quantities y will be proportional. If A : B 

: : C :T), then A-: B»: : C': D% tf;^/ %/A : •B 

» M 

z : VC : \/D : n being 'any number. 

This is plain, by fuppodnig A, F, P all equal; 
as alfo B, G, Q^; and C, H, R; and alfo D, 
I, S. 

PROP. XIX. 

If between any two quantities propofedj there ke 
interpofed any number of terms ; the proportion of the 
^rjl to the laftj is compounded of the fir ft to ihejecond^ 
the Jecond to the third ^ and ^o on to the Iqft. Suppofe 

A, B, C, D, E, F. 

The proportion of A to F, is compounded of A to By 
BtoCy C to D, D to E, and E to F. 

rn A B C b E ABCDE_A „ 

Forg. x^ X ^ X ^ X y or gj^j5^^y,aU 

die intermediate terms deftroying one another, w 
the dividend and divifor. 

EJ2.0P. 



Star. II. 



PROPORTIOK. 



207 



. PROP. XX. 

In a feries of Quantities in geomtrieat pro^ejjiony 
A:B:C:D:E:F:G-Jr; the produSI of the 
extremes is equal to the prodaSl of any two meanSy 
equally dijiant from the extremes : AG = BF =5 

For fince A : B : : F : G (Def. 10) ; therefore 
AG = BF (Prop. XII). And fince B : C : : E 
: F ; therefore CE = (BF — ) AG; and fo on. ^ 

Cor. Hence the produ^ of the extremes is equal t^ 
thp fquare of the middle term^ when the number of 
terms is odd. 



PROP. XXL 



If out of a feries of quantities in geometrical pro- 
greffion^ there be taken any feries of equidiftant terms ; 
that feries wiH alfo be in geometrical progr^n. 

^A:B:C:D:E:F:G:H:1:K:L:M, in^, 
then 'Br E : . H : L arealfo -^, 



17 B C D j 



BCD 
CD£ 



= r.=4 



-,^ E F G J EFG 

Alio y = ^ = ^ = r, and .tt^ or 



(Ax. 4). 



E , ,^ H I K 



H 



FGH 
J HIK H 

H 



=i=: r' , cffr. Therefore p- = ff ^^^ ^^- (Ax. 8); 
and B : E 5 H: L ^V. are -rr (Def. ip). 
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PROP. xxir. 

> 

If there he a feries of quantities in geoinetrical pro* 
ffreffion, A : B : C : D : E : F, &c. -^ ; their differences 
UBtlt alfo be in the fame goemetrical frogreffion^ A : B : : 
A— B : B — C : C — D, £fff. 

For fince A:B::B:C::C:D, ^c. (Def. io){ 
therefo/e A: A — B : :B:B — C : :G :C — D 
feff. (Prop. XIII). And A : B : : A — B : B — C, 
and B:C;:B — C:C — D (Prop. IV). That 
is, A : B : C, fffr. : : A — B : B — C : C — D, 
iSc. 

Cor. T^he fecond^ third, fourth .differ encesy &c* 
Jhall alfo be in the fame geometrical pro^efjion. 



PROP* xxiii. 

I 

If there he a feries of quantities in geometrical pro^ 

grefJioHj the ratio of the firftj to the fecortd^ thirdy 

fourth, &c. is in thefimple^ duplicate, triplicate^ &c, 

ratio of the fir fi to thefecond^ refpeEtively. Ifhil& 

AAA AA A 

: C : D : E, &c. then §■ = g"> q = "gg** ^ = ' 

A* A _ A* ^ 
'B^* e" ^ B* ' 

For I- = g. = g- = J, £sfr.(Def. lo). And 

A A B AA ,T^ r N A A B 






(I>f-I3)» D =^r^C ^D 



C B ' C BB 

A« 1^ A A B CD A* ^ . , 



PROP. 



&ftJI. PROPORTION. ~ aop^ 

PROP. XXIV. 

• If Ay By C; D, E, &c. be a fet, of quantities in 
geometrical progrejjion, wbofe differettces are ififinitely 
finally 'and n any number; then it will be. A" : 

A* — B* : : A : If x A - B. 

Since the difierences are infinitely fmall, they will 
be (nearly) eq ual. A ~ B = B- C = C- D, & c.' 

and A - C = A -^ B + B - C = z x A - B ; 

A-D = 3xA-B; A-E = 4 x A- B, &c. 
But A' : B* : : A: C^ and A» : B» : : A : D, i^c. 

(Prpp. XXIII); then ^ 

- . A* ; A'-B* ; ;A;A-C = 2 x A-B (Pr.X lI). 
alfo A» : A» - B' : I A : A - D=jjc A- B. 
andA* : A* - B* : : A : « x A - B. 

PROP. XXV. 

In a rank of quantities in geometrical progrejjion, 
A : B : C : D : E, wbofe numbir is n, and the ratio 

r = |-j the lajl term (E)^ = 7~:iOr||"^' x A. 

: For g-=''> or A==Br, B=Cr, C = Dr, Da 

Er. 

And A = Br = Crr = 1>' = Er% 

A* 

Therefore B = — the 2d term. 

r 

C = — the ^d term. 

rr . ^ 

D = -5- the 4th term. 

A 

E ±= ~ the 5th term. 

A 
And in general the n^ term = *^^. 



PROP* 
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PROP. XXVL 

Ih a rank of quantities in geometrical progreffioKj 
A:B:C:D:£9 wbofe number is n^ and common 

ratio r =r g- ; the jum of aU the terms is, _^ 
_ BE--AA 

For A : B : : B : C : : C : D : : D : E (Def. lo). 
And A:B:: (r:i::) A+B + C + D:B + C 
+ D + E, (Prop X) ; that is, (putting S = fum), 
A:B::S-E:S-A. Therefore SA - AA = 
BS - BE (Prop. XII) ; and SA - SB = AA - 
BE, or SB - AS = BE - AA (Ax. 2, 3); there- 

fort S = -j^3- or -^g3^ (Ax.. 5). 



Con I. The fum of the terms = A + ^ B, 



^^^ + F=4^- 



r? A .A-E^ AA-AB + AB-BB 

^^^ A-»-ArrB^= aitb = 

AA-BE c^ 

A-B ^ ^^• 
Cor. 2. In a decreafmg geometrical progreffion^ the 

rA ~ E 

/««j of all the terms = . 

For fince r : i : : S-E : S-A. Therefore S- 
E = rS-rA (Prop. XII); and rS^S = rA-E 

(Ax. 2, 3) ; whence S = "-^^T ^^^* 5^' 

Cor. 



/ 



Sea. II. 



PROPORTIOl^. 



an 



Cor. 3. In an increafitig geometrical p'ogrejjion, put 

•a , ^» ^ 

R = -j-f then the'fum of the terms ^ o—. ^' 

For. B=RA, C=RB=R»A, D=RC=R'A, 
E = RD = R*A, or E = R— 'A. But i jR 1 i 
S-E : S-A, and S-A=RS-RE (Prop. XII), 
and RS - S = RE - A = R'A - A (Ax 2/3); 

whence S = „_~ (Ax. 5). 

PROP. XXVIL 



In an infinite decreafing geometrical progreJJtdHy A : 



m 



B : C : D : E -TT &c. Put the ratio ^5^ = — ; then 
the/urn of all the terms ad infinitum =-t"Zb' ^-^ '^ 



n 



\ ' 



For the fum = ^^Ib^ (Prop. XXVI); but 
when the progreffion is infinitely continued, the 
laft term E is o, and. then the fum becomes > _y 
Alfo (by Cor. 2. Prop. XXVI), the fum = 



r A-E , rk 

becomes 



f— J 



f-—! 



n , 



m 

n 



nti 



m ^ n 
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SECT. III. 

I • 

General Proportions. ' 



i» 



Definition an J Notation. 

IF A, B, C> D, &c. be any variable quantities, 
and aj b, c, dy &c. other values thereof ; and if 
they be fo dependant on one another, that when 
■ A is increafed or diminifhed to ^, B, C, D, tf^c* 
become ^, r, dy &c. 

Then A OC B, fignifies that A is diredly as B, 
' or that A : IT: : B : ^. 

• Likewife. A OC^, denotes that A is recipro* 
cally as C> or that A : ^ : : ^' : — • 

BC 

Alfo, A OC-TT-j fignifies that A is. diredly as 

B and C, and reciprocally as D, or ,that A : a : z 
BC Be 
"dT • IT- 

And if AB OCg-, the product of A, Bi^direAly 

as C, and reciprocally as D; or AB : '^^ : : g- : -j. 

And on the contrary, if A : ^? : : B : ^, then 
, A> OC B, t^'c- 

PROP. I. ' 

If me quantity A is as a fecond B ; then^ on the 
cantrary, the ficond B is as the fir fi A. If k OC B, 
then B QCA. 

For A : a : : B : ^ (Def.). 
Therefore B : ^ : : A : « j that is, B OC A (Def.) 

. PROP. 



J 






SeStlll. GEl^ZIlAL Proportions* , iti^ 

PROP. 11. 

If one quantity A is as afecond B, and thefecond 
B as the third C, and the third C as a fourth D, &c* 
then the firfi- A is as the lajl D. :jf A QCB QC 
C OCD, then A OCD. 

9 

I 

^ \ 

For A : tf • : B : ^, 
and B : ^ : : C : r, 

and C : r : : p : rf f Def.) 

therefore A z a i it> x d (Prop. I. Seft. II)* - 
therefore A OC D (Def). 

Cox » If one quantity A is as afecond B, and the 
fecond B reciprocally as a third C. "Then the fir ft A 

is reciprocally as the third C, i/" A OC B OC^, 
/i&^« A OC ji-. 

* 

For A : ^ : : B : ^ : : TT : — ; and A OC j=r 
(Def.). , - 

« I 

PROP. Ill, 

Ij one quantity A be as a fecond B, and alfo as a 
third C ; then the firjl A will be as the Jum or , 
difference cf jhe fecond and third, C and D. If 

A OC.B OCC, then A OC B + C, or A OC B 

For A : « : : B : A : : G :r. Therefore A : « : ; 
B + C:^ + f, or A : tf : : B— C : ^-f (Prop. 
X-Sed.!!}. AndAOCB + C. 



PROP. 
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GENERAL 
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PROP. IV. 

Either fide of a general proportion may be mul- 
tiplied or divided by aty given quantity. ^A OCB, 

then A OC/2B, or A CX— . 

For A : a : : B : ^ : : »B : «^ (Prop. V. Seft. II) 

: : — ,: — (Cor. i . ibid.). 



n 



PROP. V. 



If both fides of a general proportion be mtdtiplied 
or divided by any variable quantity^ they willffill be 
proportionaL If A OCB, and C a variable quantity^ 
then AC OC BC. 

ForA:ai:B:b(Dei). And CA : rj : :CB : 
cb (Prop. VI. Cor. i) ; that is, CA OCCB, 

Alfo A:^::B:^; and;^ : — :: ^: — (Cor.a. 

A B 

Prop. VI) ; that is, ^ OC ^. 

Cpr. I. If Q^OCBC, then %OCQ and -^ 
is a given quantity f or always the fame y 

For -r^ is as I, an invariable quantity. 

Cor. a. // A OC ^, then B OC ^. 

AR 1 

For AB QC I (Prop. V), -^ pr B OC ^ 

(ibid.1. 

PROP. VI. 

Jnftead of any quantity in one fide of a general 
proportion, one may fubftitute any ether quantity 
proportional thereto.. If A OC BC, ^«rf. C OC D ; 

then A OCBD. , 

For fince C OC D, BC OC BD (Prop. V) j 
whence A OCBD (Prop. II). _ 



V, 



Sea.III. PROPORTIONS. ^i$ 

- PROP. VII. 

If the two fides of one general proportion j he mubi^ 
plied or divided by the two fides bf another general 
proportioHy they will fiill be proportional. IfAOCB, 

and C OCD, then AC OCBD, and ^ OZ^^ 

■ 'For A:.a : : B : ^, and C :c: : D : J, therefore 
.AC:ac::BD:bd (Prop. XVIII. Sed. l\) j thac 
is, AC OCBD. 

And Q- 5 •— J 5 n" • "T ('^"^r ^°''* *^> *^*' '^' c* 

B 
OC5-. 

Cot. I . The equal ptnvers or roots of both fides of ^ 
any general proportion^ ivillftill be proportional. If 
A CX B, then A' OC Bf, A* OC B», \/K OC 

This is plain by putting C = A, and D = B, ^r . 
Cor 2; // A OCB OC C, then AA OCBC. 

/ 

PROP. VIII. 

If any quantity dje as the pMuS of fever al others 
Jiy B, &f. then if B, &c. be given, Q^OC A ; and 
if A, &c. be giveny Q^OCB, 

, For by Prop. IV. fince Q^OC AB, and B given, 
Q^OC A. And if A be given, QJX. B (ibid.). 

Cor. If any variable quantity QjJepends on fever al 
others A, B ; and if Q^OZ A, when B is invariable i 
and Q^OC B, when A is invariable; then Q^OC AB, 
when all ar^ variable* 

PROP. 



BC, or that m^—. 



tl6 > CsKERAL PRO^OfttlOMS. ^ StdiAli* 

PROB. IX. 

Any general proportion may be turned into an equar 
. tioKy by multiplying one fide by a proper homologous^ 
quantity. 

If A. OCBC, then A = «xBC n being fome 
given quantity. 

For fince A OCBG, therefore A :a : : BC : be 
(Def-) ; and A X ^^= ^ X BC (Prop. XIL Seft. II); 

ind A = J- X BC, therefore « = £• the quantity 

affumed for a multiplier. 

he ' 

Or if nth = BC; it will be found that — x A = 

a 

PROP. X. Problem. 

B*C 

jfny general proportion being given, A OC -tt— ; t9 

find the proportion any one has to the reft. 

This is done by help of the foregoing propofitions. 

Since, A OC -g-i' 
Multiply by D, then AD OCB< (Prop. V). 

Divide by A, then D OC ?^ (Prop. V). 

An 
Divide (AD OCB'C) by B», and then C OC ^^ 

(Prop. V). 

Divide (AD OC B»C) by C, and then B» OC^ 

(Prop. V). 

At) 

Extract the fquare root, B oc ^^n"* 

And the fame may be done by aflyming a ;givcn 

t B*C 

quantity my and making wA = -|j- -, and tho . 

foregoing procefs is the fame as in the reduftion 
of algebraic equations. 

F I NX St 



